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Building Context with Tumor Growth

Modeling Projects in Differential Equations

Abstract: The use of modeling projects serves to integrate, reinforce, and

extend student knowledge. Here we present two projects related to tumor

growth appropriate for a first course in differential equations. They illustrate

the use of problem-based learning to reinforce and extend course content via a

writing or research experience. Here we discuss methods of preparing students

for a research/writing experience, the critical thinking involved in completing

the project, and the basic assessment of student work.

Keywords: Mathematical modeling, tumor growth, differential equa-

tions

1 Introduction

When teaching a differential equations course, the use of modeling projects

to integrate, reinforce, and extend course topics can prove useful [1, 2].

Effective use of projects and other forms of problem-based learning has

been shown to have a positive effect on the retention of skills and knowl-

edge in mathematical courses [3, 5]. For this purpose, we developed

two loosely related projects that require the analysis of cancer growth

models. The first assignment provides for an analysis of the Gompertz

model of tumor growth [4]. The second requires the analysis of a simple

treatment model of tumor growth. Both projects are aimed at students

with limited knowledge of differential equations and may be assigned

relatively early in a course. For either project, we assume students have

had brief introductions to the topics of exponential and logistic mod-

eling, been exposed to simple qualitative techniques, and learned the
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analytic technique of separation of variables. The second project, which

builds on the first, assumes experience with either bifurcation analysis

or numerical methods for solving ordinary differential equations. The

projects were developed and implemented as significant writing oppor-

tunities at Mercer University by Howard and Beier, and modified for a

research experience by Gevertz at The College of New Jersey.

2 Project Overviews

Many students in a differential equations course view mathematics as

a problem solving tool, helpful in solving physical problems of interest.

Our goal in assigning major writing/research based projects is to better

equip students to use mathematics as an effective tool for solving com-

plex problems. Beyond this, students should enhance their ability to

communicate assumptions, decisions, and procedures. These skills are

intended to make students more effective at presenting technical results

to a wide audience. Such projects also offer an opportunity to reflect

upon a task and get a deeper sense of the problem at hand. Thus the

communication aspect is central when developing such a project as a

major writing or research assignment.

When assigning a major writing project, it is important to deal di-

rectly with the apprehension many students have towards writing within

the context of a mathematics class. It is necessary to clearly define pa-

rameters and expectations for students. To prepare our students for the

task at Mercer we provide and discuss the document entitled, Mathe-

matical Reports: An Overview (Appendix A). This document provides

clarity by presenting a Four W’s adaptation of the famous Five W’s

popular in journalism. Why do a report? What is a report? Who is

the report written to? How is the report written? This provides stu-

dents with a better sense of the task at hand. They are not being asked

to simply put into words the steps taken in solving the problems, but

rather they must perform the more reflective task of explaining their

understanding of the problem, the options considered and choices made

in solving the problem, and their understanding of the added insight the



Tumor Modeling Projects in Differential Equations 3

solution brings to the original problem.

We also provide and discuss the document entitled Mathematical

Reports: Structural Form (see Appendix B), which outlines specific in-

structions for the components of the required report. The four major

components of the written report include a summary letter, a technical

report, references, and an appendix to the technical report. The letter

is to be summative in nature and devoid of most mathematical details.

The technical report is formative, allowing the reader to gather insight

into the techniques of analysis being employed and why those techniques

are being utilized. Students are required to make judgments that are

supported within the analysis. Lastly, the appendix gives students the

opportunity to present the mathematical details of their work within

the traditional format of a problem set. Students are reminded of the

need to include appropriate citations within the report along with an

appropriate reference page. The reality that the modern employee must

be able to present to a variety of audiences is clearly mimicked here in

a simplified way that both prepares students for future jobs and forces

them to understand the mathematics on a deeper level. If it is desirable

for students to be familiar with other office writing formats, such as a

memo, one can easily integrate this into the task. At least half of one

class period is devoted to discussing the project and its related require-

ments, and there is also a large commitment of time outside of class

devoted to addressing students’ questions and reading drafts.

For each project, students are allowed to work in small teams of two

or three and given two weeks to submit their final work. The ability to

work in teams is regularly cited as desirable by employers (cf. [7]) and

this aspect can be challenging for students. One way that an instructor

may choose to help students deal with this aspect is to require that each

team submit a team report. The format of such reports may vary widely

but required components include a time sheet (such as one may submit

for billing hours to a particular project) and a summary of the major

contributions of individual team members.

The project is readily modified to become a research project with

slightly different goals. Though students may use numerical techniques
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in the original lab, qualitative and analytic techniques are the primary

focus. The research implementation here requires the integration of nu-

merical techniques as well, and places a large emphasis on exploring the

strengths, weaknesses, and complementary aspects of the the various

differential equation solution strategies. While the writing project re-

quires some conclusions about the appropriateness of the model for the

real world, the research project places more emphasis on this point and

on the strengths and weaknesses of the model. Further, students engage

deeply with the modeling process by modifying the existing model, and

fitting the model to a fictitious data set. Finally, this implementation re-

inforces the role of technology in applied mathematics in a stronger way

than the original construction. At The College of New Jersey (TCNJ),

MATLAB is integrated into the differential equations course, but stu-

dents are often explicitly instructed when to use technology on an as-

signment. However, in the lab they must make the choice. We note that

many technology tools exist to perform the mathematics needed here.

Since the goals of the research project adaptation are slightly dif-

ferent from the writing project version, there are modifications in the

structure of the project. Students are asked open-ended questions that

do not necessarily have a right or a wrong answer. In order to ensure

that each group approaches the problems from an appropriate angle, an

outline is due two weeks after the project is assigned. In the outline,

groups are required to explain how they will approach each problem,

or what they must consider in order to answer each of the posed ques-

tions. This forces students to begin thinking about the big picture of the

project, and the mathematical techniques to be used, before too much

time has elapsed. When a group has proposed an effective approach, the

feedback provides the confidence to proceed with their approach. This

is particularly important, as even groups with solid ideas sometimes

feel overwhelmed by the scale and the real-world nature of the project.

When a group has proposed an ineffective or inaccurate approach, the

feedback helps to correct their thinking so that they may proceed in a

meaningful way. Students are typically given three weeks from the time

outlines are due to submit their complete report.
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3 Project Descriptions

In choosing to make the communication of the mathematical analysis a

primary goal, we assert a fictitious scenario in which the intended reader

is not the instructor. The writing projects are framed as consultation

requests with a fictitious medical pathology group. The project assign-

ments (see Appendix C and D) are presented in letter form providing

necessary context and background. We note that using a fictitious au-

dience to aid writing is not a new phenomena, and examples of this are

readily available (cf. [8]).

The first project introduces students to the Gompertz model given

by:

dN

dt
= rN, where

dr

dt
= −ar. (3.1)

The Gompertz model [4] is a classic population growth model, first

adapted to describe cancer growth by Laird [6]. Here the function N

is the size of the tumor, measured in terms of cell density
(

cells
volume

)

.

The function r
(

time−1
)

is the intrinsic growth rate for the cells. The

parameter a
(

time−1
)

is the associated constant intrinsic growth rate of

r.

This project is given fairly early in the course, just after students have

studied basic concepts including an introduction to differential equation

models, qualitative analysis of slope fields, and the technique of sepa-

ration of variables. Because of the nature of the course at Mercer, we

do not ask students to provide a derivation of the model but instead we

seek to obtain a better understanding of the Gompertz model through

an analysis of several specific questions:

1. Show that the intrinsic rate, r(t) is exponential and reduce

the two-equation model to an equivalent single equation

model.

2. Explain why this model mandates the restriction that a tu-

mor must be of a certain positive size and thus we cannot

assume an initial size of N = 0.
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3. Use the equation d(ln |N |)
dt

= 1
N

dN

dt
to demonstrate that N

and r are related by ln(N) = b−r

a
for some constant b. Then

develop a second equivalent form of the model given by dN

dt
=

(b− a ln(N))N .

4. As assumed, we expect tumor size to be limited by a certain

carrying capacity. Determine the carrying capacity of the

model. Describe how the carrying capacity for this model re-

lates to a stable non-growing tumor system as demonstrated

by the model.

5. Determine tumor size at which maximal growth is experi-

enced.

6. Describe the growth cycle of a tumor as predicted by the

Gompertz model for various initial values using qualitative

techniques.

7. Determine an analytic solution to the Gompertz model.

The Gompertz project is useful to students with minimal differential

equations exposure for several reasons. First, it introduces students to

the idea of coupled differential equations. Second, students are exposed

to the idea that models may be manipulated into various mathemati-

cal forms, and each distinct formulation may highlight different aspects

of the modeled system. Moreover, students learn to make substantive

judgments about which form of the model to use for which task. Finally,

it highlights how qualitative and analytic techniques function in tandem

to produce a greater understanding of a physical system.

The second project introduces students to a simple treatment model

of tumor growth. As a writing project, this is assigned a few weeks

later in the term, after students have been introduced to the basics of

bifurcations. As part of developing written and communication skills,

it is necessary for students to have detailed feedback from the first lab

before a second lab is assigned. The treatment model in question in this

lab is given by:

dr

dt
= α

(1− r)r

1 + r
− kr (3.2)
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where r is the radius of the tumor and α
(

time−1
)

> 0 is the intrinsic

growth rate particular to the specific type of tumor. The parameter

k
(

time−1
)

≥ 0 is related to the drug dosage and describes the level of

aggression with which the tumor is treated.

The first term on the right-hand side of the differential equation

described the inhibited growth of a tumor irrespective of treatment. This

term reflects the natural physical limitations affecting tumor growth,

such as the bodies inability to supply necessary oxygen and nutrients to

large masses. The second term is a simple harvesting term representing

the effect of treatment of tumor growth.

In order to understand the model behavior for different levels of

treatment aggression (i.e. for various values of k) students are asked to

analyze the model by addressing the following areas:

1. When no treatment is applied (k = 0). Provide a detailed

analysis of the model when k = 0 including:

· the relationship between the carrying capacity and the

radius.

· a determination of r as either a relative vs. absolute

measure of radius.

· the relative tumor size with maximal growth rate.

· a qualitative analysis of the tumor growth cycle.

· the relative affect of α on the tumor growth cycle.

· the analytic solution of the model.

2. For k > 0 determine the system bifurcation in terms of k

and α.

3. Include a complete analysis of the model (as detailed in the

first item) for each bifurcation and non-bifurcation condi-

tion.

4. Provide a bifurcation diagram in terms of α and k.

5. Use the information from your analysis, including the bifur-

cation diagram, to propose and defend the conditions nec-

essary for effective drug treatment.
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When using the research form of the treatment project, the assign-

ment is given mid-semester, after students have been introduced to ana-

lytical, qualitative and numerical approaches to solving first-order differ-

ential equations. In this task students still consider the treatment model

given in (3.2), but the analysis is extended and requires some outside

knowledge. The full assignment details for the modified project are in

Appendix E. Here we provide an overview of the questions asked:

1. Provide a detailed analysis of the model in the case of no

treatment (k = 0). Make sure to ascertain long-term tumor

size through a qualitative method; determine the impact of

α on tumor growth through a numerical method; find the

relative tumor size with maximal growth rate; answer what

information is necessary to use the analytical solution to

conclude how long it takes for the tumor to reach 75% of its

maximum size.

2. In the case where treatment is applied, (k > 0), determine

under what conditions the tumor will be successfully treated,

and under what conditions it will grow in spite of treatment;

choose a k for which treatment is effective, and side effects

are minimal.

3. Further explore the model by identifying two realistic and

two unrealistic features of the model; modify the model to

account for the immune system; after a literature search,

give two aspects of cancer growth unaccounted for in the

model; fit the model to “patient” data, given a known drug

dose.

4. Modify the model to account for the inflow of drug to the

body and the breakdown of the drug by the body. You

must write a differential equation for k, the amount of drug

in the body, assuming the influx of drug into the blood is

known and c is the rate of elimination; deduce the units

of c; turn the system of two differential equations into a

single differential equation for r; explore the features of this
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new differential equation by finding parameter sets for which

the model gives rise to biologically-feasible and biologically-

infeasible solution curves.

The base model of the treatment projects is another example of an

inhibiting model of tumor growth. For those intending to give two

projects in a semester, it provides a nice followup to the first writing

project (Gompertz growth). In this case, exceptional students will re-

late this model to their experience with the Gompertz project, allowing

their knowledge from the first to inform their thoughts on the second.

The research implementation allows the treatment model to function as

a stand-alone project. In either case, analysis of the treatment model

allows for an exploration of the central importance of parameters. The

comparative relationship of α and k provides insight to the physical goals

of disease treatment. Notably, such an analysis can occur whether or

not bifurcation analysis is a topic in the differential equations course. At

Mercer, the topic is covered so students are directly asked to draw bifur-

cation diagrams. At TCNJ, this topic is not standard, though stability

of steady-states is covered. As the stability depends on α and k, stu-

dents are still prepared to explore how the relationship between α and

k provides insight into treatment efficacy. Finally, this treatment model

also requires students to make a significant decision that has real impli-

cations if implemented. Students have commented that this provides a

motivation and interest that they would not otherwise possess.

4 Analysis of the Gompertz Project

The Gompertz model, as given in the project description, presents stu-

dents with a system of differential equations. At this point in the course

the focus has been on single equation models. Further, students have

been introduced to intrinsic rates as constants and simple expressions

but not as distinct rate equations. By first focusing on the intrinsic

rate part of the equation, students develop a better idea of the multiple

components that result in a systems model while still conducting their

analysis within the familiar framework of a single equation model.
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In order to illustrate that the intrinsic rate is indeed exponential,

students are asked to solve the simple and familiar differential equation
dr

dt
= −ar. From here students can find a single equation equivalent

form of the Gompertz model that is exponential. We continue by asking

students to develop another equivalent form of the model. Using basic

calculus, algebra, and an application of separation of variables, students

are able demonstrate that dN

dt
= (b− a ln(N))N is the third form of the

model.

In exploring the domain of N(t), we expect students to make some

connections between the biological significance of the model and the

mathematics itself. Discussion of whether N may negative or zero is

expected, both from a biological and a mathematical perspective. An

investigation of N = 0 as a steady state is essential. Such an investiga-

tion helps to make the distinction that this model cannot and does not

provide insight into how a tumor initiates, rather the model is limited

to describing how a tumor grows once it exists.

The models that students have previously studied, such as the logis-

tic model, have a fixed carrying capacity. Here that is not the case; in

fact it is not obvious that such a capacity exists without comprehending

what the carrying capacity represents within a model. Essentially, we

are looking for a population level within our domain that results in a

zero intrinsic growth rate for r. At this point we have three represen-

tations of r, one from each equivalent form of the model. Students are

expected to select the best representation of r to determine the carrying

capacity explicitly. This process has the added benefit of emphasizing

that carrying capacity is dependent upon parameters and is not identical

for all tumors.

Since the tumor size is a determining factor in its rate of growth, it

is of interest to discover at what relative size a tumor would be most

aggressive. Students will again have to decide which form of the model

is most accessible to making this determination. Critical errors to note

include not connecting this question to optimization from differential

calculus and failing to differentiate with respect to the appropriate vari-

able. These pitfalls provide a nice opportunity to clarify the concept
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behind differentiation with multiple variables.

At this point in their analysis, students will have some idea of the

behavior predicted by the Gompertz model. To get a graphical repre-

sentation of this behavior, we turn to qualitative analysis. A full student

analysis will include visualizing the solution which should reinforce al-

gebraic findings. Again students must decide and justify which version

of the model to use in developing the slope fields.

To generate slope fields, students need to first select values for the

parameters within the model representation. For example, in the third

model form, the parameters are a and b. Because the intrinsic growth

rate is determined by the value of the parameters and the size of the

tumor, the aggressive nature of tumor growth will be related to the

values of a and b. In Figure 1, we show the slope fields for selected

values of a and b that represent the three distinct possibilities: a < b,

a = b, or a > b.

The slope fields show that the basic behavior predicted by the model

is consistent in each of the three cases with the distinction being the

aggression of growth and the size of the steady state. The slope fields

also confirm the previous results regarding the value of the carrying ca-

pacity and the location of maximal growth rate. Some students will miss

these cases and describe the overall behavior, particularly those students

who fail to explore graphs. This provides an opportunity to discuss the

benefits of communication with visuals and pushes students to deeper

synthesis. As part of the writing requirements, students must articu-

late what they see in the slope fields and not merely provide pictures.

Additionally, they should be consistent with reality in their discussions,

acknowledging, due to biological restrictions, that solutions with a neg-

ative initial value are not possible. However, they should address the

cases shown in Figure 1, when the initial value is below or above the

carrying capacity, since both could occur.

As a final step in the project we ask students to provide an analytic

solution to the model. Again, students may select any of the three

models, along with a justification of their choice. This selection may

prove critical to the degree of success in solving the model equation.
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b < a b > a

b = a

Figure 1. Slope fields for the Gompertz model

5 Analysis of the Treatment Model

The treatment model presents students with a differential equation of

the form

dr

dt
= α

(1− r)r

1 + r
− kr
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where r is a measure of tumor radius, α > 0 is the intrinsic growth rate

and k ≥ 0 is related to the aggressive nature of the treatment. The aim

of the project is for students to analyze the model for different levels of

treatment aggression (i.e. for various values of k).

Students are first asked to consider a simplified version of the cancer

model where the treatment term kr is eliminated by setting k = 0.

This provides an example of a restricted growth model with inhibiting

term 1−r

1+r
. Students provide a complete analysis of the model including

a discussion of the relationship between the carrying capacity and the

radius, a justified decision on whether r is an absolute or relative measure

of radius, the relative tumor size with maximal growth rate, a qualitative

analysis of the tumor growth cycle, the relative affect of α on the tumor

growth cycle, and the analytic solution of the model.

The process of determining the carrying capacity for the model is ex-

pected to yield insight to whether the radius is an relative non-dimensional

term or an absolute measure of length. It is not uncommon for some stu-

dents to struggle with this inference of relating capacity to the physical

measurement.

Once students determine that the model in this case represents inhib-

ited growth similar to the familiar logistic and Gompertz models, they

must then make a determination of a relevant domain for the radius.

Again, this determination should be based upon both the mathematical

restrictions of the model equation and biological restrictions of the rep-

resentation. Within the domain, it is desirable to discern when growth

is most aggressive, so we look to determine the radii having maximal

growth rate.

Students are expected to find an explicit solution for the model and

provide some critique of the the value of that solution in understanding

the behavior exhibited by the model. Many students may struggle to

solve explicitly for r and faculty expectation here may vary, so consider

indicating your individual preference to students in the directions.

Instructors may choose to expand the requirements for the analysis

in this no treatment case. In the implementation done at TCNJ, stu-

dents were also asked to provide a one-dimensional phase portrait, and a
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plot showing the behavior of the tumor as a function of time using a nu-

merical method of their choosing. The phase portrait nicely illustrates

the stability of steady states. It is important to notice that the phase

portrait provides no information about how the parameter α impacts

tumor growth dynamics. This can be ascertained by applying numer-

ical techniques, with different values of α, to approximate solutions to

the differential equation. Students generally recognize the necessity of

technology here and most groups, though not all, understand the signif-

icance of using a small step-size in their numerical method. The project

does not dictate which numerical method the students should use to ap-

proach this problem. AT TCNJ, students have learned, and therefore

can choose from the following techniques: Euler’s method, improved Eu-

ler’s method and the built-in ‘ode45’ command in MATLAB. Figure 2

illustrates a nice solution to this problem, with axes and curves clearly

labeled. This solution was arrived at using a hand-written MATLAB

script that implements the improved Euler’s method.

Figure 2. Improved Euler’s Method to explore the impact of α in the no-

treatment case
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We now address the model with treatment (k > 0). In determining

equilibria, the central importance of the relationship between parameter

k and α should be observed. This relationship will be essential to both

the determination of the carrying capacity and the related bifurcation

analysis.

As part of the bifurcation analysis, we may examine the behavior of

phase lines. Based upon the equilibria values there are three scenarios

determined by the relative size of k and α. The bifurcation diagram in

Figure 3 illustrates that for sufficiently aggressive treatment there is a

singular attractive steady state at the trivial solution. As an alterna-

tive to using bifurcation theory, the Derivative Test for classifying the

stability of steady-states can be used.

Figure 3. Bifurcation diagram for the treatment Model

In determining the maximal growth rate, students will find results

consistent with the findings in the earlier non-treatment case. Instruc-

tors will note that, as in the first lab, there is the potential for the
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common mistake of mislabeling the derivative due to inattention to the

relevant variable.

Care should be taken describing the details of the project to students.

We have witnessed that some students may ignore the requirements to

find the carrying capacity, maximal growth rate, and analytic solution

(below) completely or select a random k value instead of solving in gen-

eral. This is a large conceptual error that also often leads to missed

opportunities in the rest of the lab. Instructors may want to consider

clarifying this expectation to the class or guiding particularly teams, as

needed, to explore the problem fully.

Determining the analytic solution to the model is much more tedious

than the simplified non-treatment case and, at best, yields an implicit so-

lution. Faculty should clearly state their policy about the use of software

for solving this problem. The solution here provides another opportunity

for students to judge the utility of the analytic solution in understanding

the behavior of the model, particularly in comparison with the qualita-

tive or bifurcation analysis. Such observations will prove vital for the

future researcher or engineer.

Figure 4. Parameter chosen so that treatment is successful
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Both the writing assignment and the research assignment versions

of the treatment project require students to identify the best choice

of treatment. This requires a conceptual understanding of both the

physical and mathematical connection between k and α. In the research

project, students are further asked to demonstrate their answer is indeed

reasonable by producing a plot such as the one in Figure 4.

The research project suggests other ways the assignment can be ex-

tended as well. While both implementations request a critique of the

model, this project requires students to use outside literature to support

their answers. It is reasonable to then ask students to propose small

extensions to the model based on given information, and to try to fit

the model to a fictitious data set such as the one included in the project

description in Appendix E. Use of a simple guess-and-check technique

or a statistical method studied in another course would be appropriate.

Moreover, the model may be extended to allow the k parameter to

represent the amount of the drug in the blood, instead of treating it as

a constant parameter related to drug dosage. In the research project,

it was specified that the drug is administered at rate of 125 mg/month,

and that the drug disperses through the blood and is eliminated at a rate

proportional to the concentration of medicine in the blood. Assuming

a constant blood volume of 5 L, and using concepts from constructing

compartment models, the differential equation that describes the amount

of drug in the blood can be developed.

Follow-up questions include determining the units on the parameter

c, and converting the system of (3.2) and (5.1) into a single differential

equation for r. This requires being able to solve the newly-developed

differential equation, and substituting the solution for k into (3.2). The

result is an equation for the change in the tumor radius in which response

to the drug depends on the time exposed to the drug. The biology

informs the decision about the values of c that generate realistic curves.

Use of slope fields or numerical techniques allows students to make these

decisions through the generation of curves like those in Figure 5. On the



18 Beier, Gevertz, Howard

left of the figure, is a tumor that is eliminated after approximately four

months of a treatment, which is a realistic time frame. On the right,

the tumor is mitigated after less than two weeks, a highly unrealistic

scenario.

Figure 5. Realistic and unrealistic treatment scenarios for extended model

6 Assessment

By completing writing projects, students are forced to deal with both

interesting solution methods in a real world context and the practical

concerns of communicating mathematical analysis to a diverse audience.

Assessment of the writing projects is completed using rubrics. The

rubrics consist of three broad categories: mathematical accuracy, the

content of the write up, and the quality of the write up. The categories

are worth approximately 36%, 32%, and 32% respectively. Since the

last two categories focus on communication, approximately two-thirds
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of the grade hinges on this important set of skills. In the content cate-

gory, the letter of summary accounts for roughly 20% of the score, the

technical report 70%, and the appendices only about 10%. Under the

quality category, attributes of consideration include: concision, clarity,

use of professional language and notation, consistency of style, organi-

zation, and grammar. In the mathematical accuracy category, most of

the items that students are requested to provide count equally. It is rare

that a failure to accurately compute one portion of this project prohibits

students from scoring on later portions. However, a failure to accurately

calculate a portion often leads to inappropriate and convoluted expla-

nations.

The rubrics used for the writing project at Mercer are attached as

Appendices F and G (with the spacing condensed). The rubric style of

assessment was chosen because of its ability to be flexible, while main-

taining rigorous standards. It has been common in courses at Mercer for

students to feel that writing standards are subjective. Both the guides

mentioned previously and the rubrics help students feel confident that

the grade matches the expressed expectations. The flexibility is neces-

sary to accommodate the unexpected work that sometimes appears with

open ended assignments. Additionally, it allows one to recognize the in-

terdependent nature of the mathematics, content, and communication

in an assignment such as this. For instance, the justification of form

selection and mathematical techniques is primarily covered under the

content of writing category. However, there are times when the justifi-

cation is tied to the accuracy of the mathematics itself and the rubric

form of assessment allows for flexibility here.

Common errors in accuracy are noted in the previous discussion. We

add that algebraic errors are common. A time saver for faculty is that

the rubric form of assessment does not require an instructor to find all

algebraic errors in the work to assign an accurate grade, as each of these

tasks is only graded on a five point scale.

Students tend to struggle to fully address all of the content areas

on their report on the first lab. As such, the second lab is important

when implementing the writing projects as it allows students to find suc-
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cess at this task. The letter of summary often lacks recommendations,

which is a significant goal of the letter. While students tend to write

reasonable introductions, they seem to flounder with the conclusion of

the report. This is not unexpected as it is a known difficulty in general

composition for students. The analysis of the model tends to be a par-

ticularly revealing portion of the students work. Here conceptual errors

are often underscored as their work and statements will disagree. The

largest trouble area is the results and discussion portion. In the first

lab, students often fail to include some or all of this section. Even in the

second lab, students struggle to connect the mathematics to the physical

situation itself. This means that the discussion tends to be weak. In our

experience, students see this task as “real-world”, which they desire, but

are frustrated by the difficult challenge of connecting computation to re-

ality. Instructors should be honest about this struggle and deal with this

directly. While students usually have both references and appendices,

it may be necessary to remind students about the role appendices play

and help them move lengthy calculations out of the body of the report.

The quality of the report tends to vary widely from team to team.

Most groups encounter difficulty with concision and organization. In-

creasingly, students are struggling with formal language such as avoiding

contractions. There are some specific style issues such as consistent vari-

able fonts and proper labeling of figures that often demand attention as

well. In the first lab, students have difficulty writing to the correct au-

dience but this problem is typically resolved by the second lab. Teams

that split the work among them and fail to go back to create a cohesive

document may be penalized in the organization category as well as the

professional category, depending on the professor’s expectations.

As a research project, the emphasis is placed on the mathematical

analyses and drawing biological conclusions from these analyses. When

students begin the project, they tend to struggle to connect the biological

questions being asked with the mathematical techniques of the course.

For instance, when students are asked to “pick one set of α and k val-

ues for which treatment is effective, and side effects are minimal”, they

must recognize that an effective treatment means the zero steady-state
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is stable. Further, they must understand the meaning of the parameter

k if they want to minimize side effects. These struggles are similar to

the problems encountered in the conclusions of the writing implementa-

tion. These problems are minimized here by the outline, which counts

for 10% of the project grade. The remaining 90% of the project grade

comes from their final write-up. While student writing is not directly

assessed, students are required to interpret many of their answers in

the context of the biological problem. Therefore, clarity of explanations

is still assessed in the research project. Just as in the writing project,

failure to accurately interpret a problem, or to perform the required

analysis, will lead to inappropriate and convoluted explanations. The

precise breakdown of points in the research project assigned at TCNJ

can be found in Appendix E.

7 Conclusion

In the authors’ experience, these labs generate enthusiasm and increase

mathematical learning. The beauty of these tasks is that they require

minimal background, allowing for this energy to occur early in a course.

As students work to comprehend and solve the proposed cancer-related

problems, and as they communicate their results, they grow as indepen-

dent learners and develop ideas that will be explored later in the course,

such as coupled systems. The more complex problem solving and syn-

thesis experience gained by the students through these labs is desired

by the modern employer (cf. [7]). Couching the labs in the context of

a major writing experience serves to further prepare students for future

careers by improving their written communication, an area consistently

cited by employers as a weakness of graduates (cf. [7]). The significant

research task gives students the opportunity to deeply engage with the

modeling process in a realistic way by requiring reflection and refine-

ment. While students often feel the labs are time consuming, and may

initially gripe, we have received positive feedback that cite the labs as a

significant learning experience that help students better understand the

meaning and utility of mathematics. Frequently former students return



22 Beier, Gevertz, Howard

to indicate that these tasks best prepared them for the rest of their aca-

demic career and for internships or jobs that they had later down the

road.

We recognize that instructors wishing to utilize this or similar projects

may have particular concerns about either the project descriptions, so-

lutions, or implementations. Please feel free to contact Beier or Howard

with questions regarding the writing project or Gevertz about the re-

search version.
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Appendix A: Mathematical Reports: An Overview

Why do a report? Finding answers to questions is of no value if you

are unable to share your solutions with others. You live in a world with

other people who you will depend on to fund your projects, you will work

with to complete tasks, and who will depend on you to come up with

valid solutions. Thus it is essential that you be able to communicate

with them! A mathematical report is one way of doing this.

What is a report? A mathematical report is a clear, concise,

accurate, and professional document that communicates a problem, your

(team’s) analysis of the problem and your solution. It should present an

honest and complete picture of the validity of your solution.

Who is a report written to? Your report is written to the audi-

ence specified in your project. However, any individual familiar with the

general area of investigation should be able to read and understand your

report without difficulty. He or she should be able to quickly scan the

report to find the problem statement, results obtained, and the signifi-

cance of the work. Note: This is only possible if the report is effectively

organized and clearly written with proper spelling, punctuation, and

grammar.

How is a report written? It should include a letter of summary,

a technical report, references and appendices (as needed). The techni-

cal report should include an introduction, theory, analysis, results with

discussion and a conclusion. These are discussed in more detail on the

details page. Other important features include:

• The report should be typed. If desired, sample calculations may be

neatly hand-written in ink and included in an appendix.

• The text should use consistent font, margins, and style.

• Graphs, figures, and tables should be properly scaled, labeled with

appropriate titles, include a legend and reference units. When pos-

sible, a first reference to such an item should be placed on the same



24 Beier, Gevertz, Howard

page or the page immediately following its explanation. Tables that

span more than one page may be included in an appendix. Never

include graphs, figures, and tables that are not referenced in the

text.

• Labeling of graphs, figures, and tables should be clear and consis-

tent.

• Units should be clearly labeled and significant figures should be

used throughout.

• The language of a report is professional, direct, precise and clear.

Mathematical elements and procedures are referred to by their con-

ventional names. Professional grammar is used. This means that

contractions and colloquial language (such as slang) is not permis-

sible.

• There must be flow and continuity in your report. This is completed

by organization but also by maintaining a consistent style of writing.

This requires a team effort.

• It is essential that your report be proofread! It is likely that changes

will need to occur after completing the first proofreading. It is best

if several people proofread a report and if there is a new round of

proofreading after changes have been made.

Appendix B: Mathematical Reports: Structural Form

Here we provide some details about the parts of a mathematical report.

Letter of Summary: The letter of summary is separate from the

technical report. The letter may reference the report but the report

should not refer to the letter. It is assumed that the reader of the letter

might not have access to the report and vice versa. Thus the letter of

summary and the technical report should be complete and independent.

The letter of summary is a summary and thus cannot be written

until the technical report is complete. It should: 1) restate the problem

2) indicate your method of analysis 3) clearly identify your conclusion

and 4) clearly state your recommendation. The letter should stand alone,
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presenting all relevant ideas and results to readers who may not reference

the technical report.

The Technical Report Overview: The technical report will

consist of all the sections below. However, the sections need not be

explicitly labeled or presented separately. Sections should flow naturally

from one to another.

Introduction: This portion describes the motivation for the

project as well as relevant background information. It relates

the topic to present applications and establishes the goals of the

report. The introduction should note what will be presented in

the report and motivate readers to continue reading.

Analysis: The underlying mathematics is presented here. The

analysis proceeds from the general theory to the specific relation-

ships and formulas developed by your team. This is not a simple

reproduction of the theory found in references; rather it should

represent your personal understanding of how the general theory

relates to the problem at hand.

Analytical results derived in the text may be referenced. Deriva-

tions of these results do not need to be repeated unless it is es-

sential to understanding the work.

All relevant mathematical analysis must be presented. A good

analysis requires supporting explanations and commentary on the

mathematics. A reader should not be required to consult other

materials (such as a text) to understand the analysis.

Results and Discussion: The major results of your analysis

are summarized here. This is preceded by your interpretation of

the results. This includes noting: what is “as expected”, what

is unexpected, what is of primary interest, what is particularly

intriguing, and any faults. Make sure to answer any questions

asked of you in the project here!

Conclusions: Here you need to state whether or not you met the

objectives set out in the introduction. No new material should be

presented here. Simply provide an overview of the significance of

the material contained in the previous sections.
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References: A list of appropriate references should be provided in-

dicating all sources of information contained in the report. A reader

should be able to locate your sources based on the information listed

in your references. Material in the technical report should be properly

cited. Note: When referencing a web source you must include the re-

trieval date.

Appendices: Appendices are optional sections designed for infor-

mation that does not fit easily in the main body of the text. This may

include sample calculations, lengthy data, lists of nomenclature or units,

a copy of the original problem, etc. Each section of the appendix should

be properly titled.

Appendix C: Gompertz Project

Dear Associates:

BDH Pathology Inc. is dedicated to medical research in pursuit of

deeper insight into diseases and other health problems. In the study of

various disease systems BDH is a leader in the race to develop treatments

and cures for a variety of disorders.

One longstanding area of medical research salient in our research is

that of cancerous growth. While we have a long history of studying

various malignancies in both the lab and via clinical trials, recent trends

in medical research necessitate that we gain a better understanding of

tumor growth by utilizing mathematical models. This is indeed a weak

area for our associates as they are primarily medically trained and the

reason we seek to contract with the associates at Diff E Q. We have

extracted pertinent details related to a model of tumor growth but there

are several questions related to the model whose answers we have been

unable to ascertain. Our mutual colleague, Dr. J. Beier, has assured us

that you will be able to assist with a better understanding of the model.

The details you need are provided below.

Cancer is a class of diseases in which groups of cells have an abnormal

rate of growth which is accelerated over that of normal cells. Initially,

most tumors grow in an approximately spherical form. If the tumor fails
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to produce enough signaling proteins then the tumor can only grow to a

certain size with available nutrient supplies. Indeed, a solid tumor usu-

ally grows at a declining rate because its interior has no access to oxygen

and other necessary substances that are provided by the circulatory sys-

tem. One of the most important models of tumor growth (and the one

about which we inquire) is the Gompertz model. The key assumption

embodied in the Gompertz model is that the intrinsic cell growth rate

decreases exponentially as a function of time. The Gompertz model is

given by:
dN

dt
= rN where

dr

dt
= −ar

Here the function N is the size of the tumor, usually measured as

the cell population. The function r is the intrinsic growth rate for the

cells. The parameter a is the associated constant intrinsic growth rate

of r.

In order to obtain a better understanding of the Gompertz model, we

are contracting with Diff E Q and Associates to address several particular

questions. We request that you address each of the following:

· Show that the intrinsic rate is indeed exponential with r = r0e
−at.

· Demonstrate that the Gompertz model has the equivalent form
dN

dt
= r0e

−atN .

· Use the fact that d(ln(N))
dt

= 1
N

dN

dt
to demonstrate that N and r are

related by ln(N) = b−r

a
for some constant b.

· Use the previous item to demonstrate that the Gompertz model has

another equivalent form given by dN

dt
= (b− a ln(N))N .

· Explain why this model mandates the restriction that a tumor must

be of a certain positive size and thus we cannot assume an initial

size of N = 0.

· As assumed, we expect tumor size to be limited by a certain carrying

capacity. Determine the carrying capacity of the model.

· Answer how the carrying capacity for this model relates to a stable

non-growing tumor system as demonstrated by the model.

· Determine at what size a tumor has maximal growth.
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· Describe the growth cycle of a tumor as predicted by the Gompertz

model for various initial values using qualitative techniques.

· Determine an analytic solution to the Gompertz model.

We request that you follow standard protocol by including a letter

of summary and full technical report with references that details the

solutions to our questions.

Your assistance in this matter is greatly appreciated.

Sincerely,

Appendix D: Treatment Project (Sample Writing Version)

Dear Associates,

On behalf of BDH Pathology Associates, I would like to extend our

appreciation for your previous analysis of the Gompertz model. As we

continue to move in the direction of incorporating mathematical mod-

eling as an essential element in our research, we further seek your as-

sistance in comprehending a tumor treatment model. The model in

question has been suggested to describe the growth of a tumor in re-

sponse to a proposed experimental drug therapy. Before we proceed

with human trials we would like to gain a better understanding of the

expected results.

The treatment model in question is of the form

dr

dt
= α

(1− r)r

1 + r
− kr

where r is the radius of the tumor and α > 0 is the intrinsic growth rate

particular to the type of tumor. The parameter k ≥ 0 is related to the

drug dosage and describes the level of aggression with which we treat

the tumor. This is a very sensitive matter in that too low of a dosage

will not adequately eradicate the tumor, but if the dosage is too high

the side effects would also prove fatal.

It has been suggested that we seek to understand the behavior of the

model for various values of k by performing a bifurcation analysis. We

are contracting with Diff E Q & Associates to address several particular
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questions related to a bifurcation analysis of the model. We request that

you address each of the following:

· When no treatment is applied, k = 0. Provide a complete analysis

of the model when k = 0 including:

◦ an explanation of whether r is a relative or an absolute measure

of radius;

◦ the carrying capacity in relation to the radius;

◦ the relative size with maximal growth rate ;

◦ a qualitative analysis of the tumor growth cycle;

◦ the relative affect of α on the tumor growth cycle; and

◦ the analytic solution of the model.

· For k > 0 determine the system bifurcation in terms of k and α.

· Include a complete analysis of the model (as detailed in the first

item) for each bifurcation and non-bifuraction condition.

· For fixed α > 0, provide a bifurcation diagram in terms of k.

· Make use of the bifurcation diagram to argue conditions of effective

drug treatment.

We ask that your report include a letter of summary and a technical

report detailing solutions to the proposed questions.

Your assistance in this matter is greatly appreciated.

Sincerely,

Appendix E: Treatment Project (Research Version)

Project Logistics

In this project, you will explore a differential equations model of

tumor growth and treatment. The project is meant for you to take the

skills you have learned in the course, and apply them to a more realistic

problem. Here is the important information you need to know about the

project:

1. The project is intended to be done in groups of 2 or 3. Once your
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group is formed, you will receive a group number, letting you know

which “patient” data set you will be handling for problem 4(e).

2. You will submit one write-up per group.

3. In two weeks, you will submit a project outline, which presents

how you intend to approach each problem (without actually doing

the mathematics).

4. The project counts as 10% of your course grade. 90% of the project

grade will be determined by your final write-up, and 10% of your

grade will be determined by your outline. I will give you feedback

on your outline, that way you will know if you are approaching

each part of the problem correctly.

Project Description

An experimental cancer drug has just been discovered in the lab. The

discoverers of the drug are considering testing the drugs in human clinical

trials. But, the discoverers do not want to invest a lot of time and energy

into a drug that does not have the potential to slow down the growth of

cancer.

In order to gain a better understanding of the effects the drug will

have on cancer growth, it has been suggested that the differential equa-

tion

dr

dt
= α

(1− r)r

1 + r
− kr

accurately describes the growth of a tumor as it responds to this ex-

perimental drug therapy. In this equation, t represents time in months,

and the variable r is a measure of the tumor radius. The parameter

α > 0 is the intrinsic growth rate of the specific type of tumor and k ≥ 0

is the parameter related to the drug dosage that describes the level of

aggression with which we treat the tumor. The parameter k is particu-

larly important, because if the dose is too low, we may not eradicate the

cancer, but if the dose is too high, the drug can cause potentially fatal

side-effects.
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Our goal is to understand the behavior of the differential equation

model. We will do so assuming that the size of the tumor at the time

of detection is r = 0.05. The project will have you use many of the

techniques we have learned for analyzing the solution of a differential

equation. Feel free to use MATLAB where appropriate.

1. Questions about the structure of the model

(a) (2 pts) Why do you think we stipulate that k ≥ 0?

(b) (2 pts) Why do you think we stipulate that α > 0?

2. Consider the case when no treatment is applied, k = 0.

We will do a detailed analysis of the initial value problem

in this case.

(a) (7 pts) Perform a qualitative analysis on the growth of the

tumor when there is no treatment. You can choose the qual-

itative method(s) you use, but be certain to ascertain the

expected size of the tumor in the long-term. Use your result

to justify if r is a relative or absolute measure of tumor radius.

(b) (7 pts) Numerically solve the differential equation for sev-

eral different values of α. You should play around with your

choices of α until you find a few values that give you different

looking solution curves. Be certain to state the values of α

you used, and display the numerical results for r as a func-

tion of t for each value of α on one plot. You can use any

numerical method we studied in the class, just be certain to

state what method you are using, the step-size you used, and

the value of t you stopped at. Using the plots, determine the

effect α has on tumor progression.

(c) (6 pts) Using the differential equation, determine the value

of r (the relative tumor radius) for which the growth rate of

the tumor is maximal.

(d) (7 pts) Find the implicit solution to the initial value problem.



(e) (4 pts) Suppose you want to determine how long it takes

until the tumor has a radius of 0.75. How could you do this,

and what extra information would be required? Make up that

extra piece of information (just tell me what you chose) and

then determine how long it takes until the tumor has a radius

of 0.75.

3. Consider the case when treatment is applied, k > 0. We

will now perform further analysis of the model in this

case.

(a) (3 pts) Find the equililbria of the equation.

(b) (7 pts) Determine the stability of the no-tumor equilibrium.

How does the stability depend on the relationshp between α

and k?

(c) (7 pts) Under what condition does a nonzero tumor equilib-

rium make biological sense? Find the relationship between α

and k that guarantees this nonzero tumor equilibrium is sta-

ble. Try to simplify the condition as much as possible, and

finally give an α and k that satisify the condition.

(d) (8 pts) Use your analysis in (a)-(c) to pick one set of α, k

values for which treatment is effective, and side effects are

minimal. Support your answer by using a numerical method

to show what happens to the tumor during treatment for

these values of α and k. Be certain to state the numerical

method you are using, the step size, and the stopping value

of t. Explain why this choice of parameters gives an effective

treatment while keeping side effects under control.

4. Breaking down the model.

(a) (2 pts) From the analyses you just completed, give at least

2 features of the model you found to be realistic.

(b) (2 pts) Similarly, give at least 2 features of the model you

found to be unrealistic.

32
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(c) (3 pts) One way to make the model more realistic is to ac-

count for other aspects of cancer growth. For instance, we

could use the fact that the immune system tries to kill cancer

cells. Add a new term to the differential equation to reflect

the fact that the immune system kills cancer cells at a rate

proportional to the square root of the relative tumor radius.

Be certain to state the sign of your proportionality constant.

(d) (5 pts) Perform an internet search on cancer, and deter-

mine two other aspects of cancer growth and treatment un-

accounted for in our model. Please state the reference(s) you

used.

(e) (3 pts) Given the data set for your “patient” and the fact

that your patient is given a drug dose with k = 1.5, find

the intrinsic growth rate of your patient’s tumor (that is, the

value of α that seems to allow the solution to the differential

equation to fit the patients data). One way to approach this

is to use a numerical method, and compare the numerical

method’s prediction of tumor size to the actual data on the

patient’s tumor size. You will have to do this for many values

of α until you find the α that seems to describe the data well.

Patient #1

Time (months) Relative Tumor Radius (r)

1 0.091677

2 0.152964

3 0.196308

4 0.217980

5 0.227098

6 0.230665

5. Imagine now that the parameter k is actually the amount

of the drug in the blood.

(a) (5 pts) Let k(t) be the amount of drug in the blood (in mg) at

time t. Write the initial value problem describing the change



34 Beier, Gevertz, Howard

in the amount of drug in the blood, using the following infor-

mation: the inflow of drug into the blood is 125 mg/month.

The medication is dispersed through the blood, and the rate

of elimination is proportional to the concentration of medicine

in the blood at that time. Assume a constant blood volume

of 5 L and assume there is initially no drug in the blood. Call

the proportionality constant in your equation c.

(b) (2 pts) Determine the units c must have in order for the

units in your DE to be consistent. What can we say about

the sign of c?

(c) (6 pts) You now have a system of two differential equations.

Turn this into a single differential equation by solving for k(t).

How is the new model different from the original model?

(d) (6 pts) Using the new single equation you got in part (c), fix

α and then find one value of c that seems to give biologically-

realistic solution curves. State the value of c you are using,

and show the solution curve passing through the appropri-

ate initial condition. You can do this using a numerical or

qualitative method, just be certain to state the details of the

method. Use the solution curve to explain how the cancer

progresses and why this is a plausible way for a tumor to

behave.

(e) (6 pts) Keeping α fixed as in part (d), choose a value of

c that seems to give biologically-irrelevant solution curves.

State the value of c you are using, and show the solution

curve passing through the appropriate initial condition. You

can do this using a numerical or qualitative method, just be

certain to state the details of the method. Use the solution

curve to explain how the cancer progresses and why this is

not biologically realistic.

6. (? pts) If there is any other analysis you’d like to perform,

feel free to do so!
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Appendix F: Rubric for the Gompertz Project

Submitted on Time: Yes No Total Grade:

Mathematical Accuracy (Out of 50 points)

Task / Bullet Point Score (0 - 5) Comments

B1: Exponential intrinsic rate

B2: Equivalent form one

B3: IC of positive size

B4: Relationship between N and r

B5: Equivalent form two

B6: Carrying capacity

B7: Relationship to stable system

B8: Tumor size with maximal growth

B9: Tumor growth cycle (qualitative)

B10: Analytic solution

Mathematical Report: Content (Out of 45 points)

Section Score Comments

Letter of summary /10

Introduction & Conclusion /10

Analysis /10

Results & Discussion /10

References & Appendices /5

Mathematical Report: Overall Quality (Out of 45 points)



36 Beier, Gevertz, Howard

Section Score Comments

Concisely & Clearly Written /15

Professional (including lack of slang, au-

dience, appearance, consistency)

/10

Organization (including flow, continuity) /10

Grammer, Spelling, Punctuation, Appro-

priate Labels, etc.

/10

Summary

Mathematical Accuracy

Content

Overall Quality

Total (Out of 140)

Grade

Appendix G: Rubric for the Treatment Project

Submitted on Time: Yes No Total Grade:

Mathematical Accuracy (Out of 50 points)

Task / Bullet Point Score Comments

B1: Carrying capacity, relative radius,

maximal growth rate

/5

B2: Qualitative analysis, effect of α, ana-

lytic solution

/5

B3: Bifurcation values /5

B4: Carrying capacity for α > k, α < k /5

B5: Maximal growth for α > k, α < k /5

B6: Carrying capacity and maximal

growth for α = k

/5

B7: Analytic solution for α = k /5

B8: Qualitative solution for all α /5

B9: Bifurcation diagram /5

B10: Decision on effective drug treatment /5
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Mathematical Report: Content (Out of 45 points)

Section Score Comments

Letter of summary /10

Introduction & Conclusion /10

Analysis /10

Results & Discussion /10

References & Appendices /5

Mathematical Report: Overall Quality (Out of 45 points)

Section Score Comments

Concisely & Clearly Written /15

Professional (including lack of slang, au-

dience, appearance, consistency)

/10

Organization (including flow, continuity) /10

Grammar, Spelling, Punctuation, Appro-

priate Labels, etc.

/10

Summary

Mathematical Accuracy

Content

Overall Quality

Total (Out of 140)

Grade
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