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Abstract: We develop a simple procedure for multivariable antiwindup design and imple-
mentation using the theory of singular perturbations. By artificially enforcing two time-scale
separation in the antiwindup loop, through the introduction of a parasitic time-constant, we can
exploit the additional design degree of freedom for eliminating algebraic loops and for practical
implementation of the antiwindup control. The emerging antiwindup structure is similar to
existing schemes in the literature but it exposes the significance of an often overlooked design
parameter. We demonstrate the effectiveness of the proposed antiwindup scheme via a simulation
case study using an ill-conditioned benchmark example.
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1. INTRODUCTION

Antiwindup control deals with the preservation of lin-
ear performance of a saturating system during nonlinear
operation (Morales et al., 2014). Typically, an existing
linear controller is augmented with a compensator that
modifies the system behavior during control saturation
while guaranteeing closed-loop stability(Tarbouriech et al.,
2011; Teel and Zaccarian, 2011). Linear antiwindup design
has received significant attention in the last two decades
(Tarbouriech and Turner, 2009; Tarbouriech et al., 2011;
Teel and Zaccarian, 2011). Much of the breakthroughs can
be attributed to advances in convex optimization and the
interpretation of antiwindup control designs as a convex
feasibility problem over a set of linear matrix inequalities
(LMI) (Mulder et al., 2001; Grimm et al., 2003a; Turner
et al., 2007).

While the LMI-based techniques provide a powerful tool
for antiwindup design with provable global performance,
their effectiveness for multivariable systems are often over-
shadowed by lack of transparency between the computed
performance measure and the actual system behavior, and
the difficulty associated with the practical implementa-
tion of algebraic loops that arise from the antiwindup
design (Mulder et al., 2001; Grimm et al., 2003a; Adegbege
and Heath, 2017). Recent attempts at dealing with the
above issues have exploited the architecture of the system
to enforce some structure on the antiwindup compensator
(Adegbege and Heath, 2015; Ofodile and Turner, 2016;
Adegbege and Heath, 2016). The strategy in (Ofodile
and Turner, 2016) offers a decoupled antiwindup design
procedure but at the expense of a more stringent stability
requirement. In Adegbege and Heath (2015, 2016), the
directional characteristics of the system are exploited to
develop an online computational framework for resolving
multivariable algebraic loops (Adegbege and Heath, 2017).
Hardware platforms for real-time implementation of such

algebraic loops have been considered in (Levenson and
Adegbege, 2016; Levenson et al., 2017).

In this paper, we consider a singular perturbation ap-
proach (Kokotović et al., 1999; Khalil, 2002) where a time-
scale separation is artificially introduced into the anti-
windup loop. This strategy separates the time-evolution
of the system states into fast and slow dynamics. The
slow dynamics are dominant and ensure that the system
satisfies the desired stability and performance require-
ments. On the other hand, the fast dynamics eliminate any
algebraic loop and guide the system to a stable manifold.
Using a composite Lyapunov function for both the slow
and the fast dynamics, we derive LMI feasibility conditions
with stability and performance guarantees for constructing
a suitable anti-windup compensator.

The emerging antiwindup synthesizing LMI has a similar
structure to existing schemes in the literature (Mulder
et al., 2001; Galeani et al., 2008), but exposes the practical
significance of an often overlooked but very important de-
sign parameter. This additional design choice also provides
a mechanism for the practical implementation of multivari-
able antiwindup control (Levenson and Adegbege, 2016).

Related works on saturated singularly perturbed systems
include Garcia and Tarbouriech (2003); Lizarraga et al.
(2005); Yang et al. (2016). While Garcia and Tarbouriech
(2003); Lizarraga et al. (2005) focus on state feedback
control deisgn and the enlargement of region of attractions
for input constrained singularly perturbed systems, Yang
et al. (2016) deals with dynamic state feedback control
synthesis in the presence of input saturations.

The notation adopted through the paper is standard. For
a square matrix X, we denote the symmetrized portion of
X as He(X) = X +XT where XT is the transpose of X.
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Fig. 1. Antiwindup Control with parasitic time-constant

2. ANTIWINDUP PROBLEM FORMULATION

We consider an asymptotically stable plant given by

G ∼



ẋg = Agxg +Bgww +Bgvv,

y = Cyxg +Dyww +Dyvv,

z = Czxg +Dzww +Dzvv,

(1)

where xg ∈ Rn is the state, v ∈ Rm is the control input,
y ∈ Rp is the plant output, and w ∈ Rm and z ∈ Rm are
some exogenous signals. Here, we take w as the reference
signal and we associate some performance measure to
z. The matrices Ag, Bgw, Bgv, Cy, Cz, Dzw, Dzv, Dyw and
Dyv are of appropriate dimensions. The control input is
subject to actuator saturation defined by the following
decentralized saturation function:

v = Sat(u) = [sat1(u1) · · · satm(um)]T (2)

where

sati(ui) =



umax
i , ui > umax

i ,

ui, umin
i ≤ ui ≤ umax

i ,

umin
i , ui < umin

i .

(3)

We assume that, in the absence of saturation i.e when
v = u, a linear controller of form:

K ∼
{
ẋk = Akxk +Bk(w − y),

u = Ckxk +Dk(w − y)
(4)

has been designed to induce internal stability and some
desirable closed loop behavior. Here, xk ∈ Rnk is the
controller state and u ∈ Rm is the controller output. The
controller matrices Ak, Bk, Ck and Dk are of appropriate
dimensions.

To address the problem of windup, we introduce an anti-
windup compensator of the form:

εẋaw = −xaw + q, (5a)

ξ =

[
ξ1
ξ2

]
=

[
Γ1

Γ2

]
xaw (5b)

where xaw ∈ Rm is the compensator state, q = u − v,
and ξ1 and ξ2 are the antiwindup signals to be injected
into the linear controller during nonlinear operation as
shown in Fig 1. Note that the time constant ε in (5a)
is intentionally introduced to enforce a high-gain feedback
loop around the nonlinearity (Kokotović et al., 1999) while
Γ is the antiwindup gain. To achieve this, ε must be chosen
sufficiently small such that the overall closed-loop stability
is not compromised. With this, the augmented controller
becomes:

K̃ ∼



ẋk = Akxk +Bk(w − y) + Γ1xaw,

εẋaw = −xaw + q,

u = Ckxk +Dk(w − y) + Γ2xaw.

(6)

The antiwindup design problem is thus that of finding an
upper bound εo and a static gain Γ such that for all ε
satisfying 0 < ε < εo, the antiwindup system of Fig 1
is stable and induces desirable behavior during periods of
saturation violations.

In this paper, we focus on just computing a suitable ε while
we leave the the computation of εo or the enlargement
of stability region of attraction for future work (e.g. see
Yang et al. (2016)). In what follows we develop an LMI-
based procedure for designing both ε and Γ. We comment
on practical implementation of the ensuing antiwindup in
Section 4.

2.1 Two time-scale decomposition

The introduction of ε in (5) is to induce a multi-time scale
behavior characterized by the presence of both fast and
slow transients. This behavior can be understood by in-
terpreting the closed-loop system within the framework of
singular perturbation theory (Khalil, 2002). By combining
(1) and (6), the antiwindup system can be expressed as:


ẋ = Ax+BqΓΓxaw +Bww +Bqoq,

εẋaw = −xaw + q,

z = Cx+DqΓΓxaw +Dww +Dqoq,

(7a)

{
u = Cξx+DξΓΓxaw +Duw +Dξoq,

q = Dz(u)
(7b)

where x = [xT
g xT

k ]
T , Dz(u) = u − Sat(u) and Γ is the

antiwindup gain defined as Γ = [ΓT
1 ΓT

2 ]
T . The system

matrices are defined as follows:

A =

[
Ag −Bgv∆DkCy Bgv∆Ck

Bk[Dyv∆Dk − I]Cy Ak −BkDyv∆Ck

]
, (8)

BqΓ =

[
0 Bgv∆
I −BkDyv∆

]
, Bqo =

[
−Bgv∆
BkDyv∆

]
, (9)

Bw =

[
Bgw +Bgv∆Dk(I −Dyw)
Bk[I −Dyv∆Dk](I −Dyw)

]
, (10)

[
C
Cξ

]
=

[
Cz −Dzv∆DkCy Dzv∆Ck

−∆DkCy ∆Ck

]
, (11)

[
Dw

Du

]
=

[
Dzw +Dzv∆Dk(I −Dyw)

∆Dk(I −Dyw)

]
, (12)

[
DqΓ

DξΓ

]
=

[
0 Dzv∆
0 ∆

]
and

[
Dqo

Dξo

]
=

[
−Dzv∆
I −∆

]
(13)

where ∆ = (I + DkDyv)
−1. Note that ∆ exists based on

the assumption that the interconnection of (1) and (4)
with v = u is well-posed. For compactness in the following
exposition, we define Bq = Bqo+BqΓΓ, Dq = Dqo+DqΓΓ
and Dξ = Dξo +DξoΓ.

The slow transient is associated with the reduced system
obtained from (7) when ε = 0 i.e.{

ẋ = Ax+Bww +Bqq,

z = Cx+Dww +Dqq,
(14a)

{
u = Cξx+Duw +Dξq,

q = Dz(u).
(14b)

We denote the solution of the algebraic loop in (14b) as q∗.
Note that for some positivity condition on Dξ, the Lips-
chitz property of Dz(.) guarantees the wellposedness of
the algebraic loop and hence the uniqueness of q∗(Grimm
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et al., 2003b; Adegbege and Heath, 2017). Under this
assumption, and using the notation of Khalil (2002), the
antiwindup system (7) is said to be a standard singularly
perturbed system.

The fast transient is due to the discrepancy between the
full system (7) and the reduced system (14). This is
captured by the following boundary layer system expressed
in τ = t/ε time-scale:

dxλ

dτ
= −xλ (15)

where xλ = xaw − q∗. It follows that for sufficiently small
ε, (15) will rapidly converge to q∗ which also solves the al-
gebraic loop. We will exploit this property in the practical
implementation of the algebraic loop in Section 4. For now,
we take advantage of the two-time scale decomposition of
(7) to construct an antiwindup compensator with both
stability and performance (L2-gain sense) guarantees.

3. ANTIWINDUP CONSTRUCTION

3.1 Singular Perturbation Approach

For nonlinear singularly perturbed systems, stability is
commonly analyzed using separate Lyapunov functions for
the reduced (or slow) system and the boundary layer (or
fast) system and then composing them into a composite
Lyapunov function for the full system. Here, we also incor-
porate performance specification and define the following
composite Lyapunov function for (7):

V (x, xλ) =xTPx+ 2

∫ t

0

qTW (u− q)dt

+

∫ t

0

(
1

γ
zT z − γwTw

)
dt+ xT

λxλ

(16)

where P and W (diagonal) are symmetric positive definite
matrices and γ is a positive scalar which denotes the L2-
gain from w to z (Boyd et al., 1994). Note that the first
three terms of (16) describe the reduced system (14) and
the last term describes the boundary layer system (15).
Using (16), we state the following result:

Theorem 1. The antiwindup closed-loop system (7) is sta-
ble with L2 gain from w to z less than γ > 0 if there exit
symmetric matrices Q = P−1 > 0 and U = W−1 > 0,
matrix X and a scalar εo > 0 such that for all 0 < ε < εo
the following LMI is feasible:

He




AQ Bw BqoU +BqΓX 0 0

0 −γ

2
I 0 0 0

CξQ Du −U +DξoU +DξΓX 0 0
0 0 U −εI 0

CQ Dw DqoU +DqΓX 0 −γ

2
I



< 0.

(17)

The antiwindup gain Γ is given by Γ = XU−1 where X
and U are some feasible solutions of LMI (17).

Proof. The proof follows the standard approach of (Mul-
der et al., 2001; Galeani et al., 2008) and (Khalil, 2002,
Theorem 11.3). For completeness, we provide a sketch of
the proof here. First observe that V (x, xλ) as defined by
(16) is positive definite and where the second term enforces
the sector condition describing the nonlinearity Dz(·) and

Fig. 2. Pseudo-Decentralized Antiwindup Control Loop

the third term enforces the L2-gain from w to z on the
reduced problem (14). Now for asymptotic stability, V̇ < 0
must hold. Evaluating the derivative of V (x, xλ) along the

trajectories of (14) and (15), and imposing V̇ < 0 followed
by a series of Schur’s complementations and congruence
transformations give the matrix inequality (17). It follows
that the interconnection the reduced system (14) and the
boundary layer system (15) is asymptotically stability.
We claim that the Lyapunov function (16) satisfies all
the conditions of (Khalil, 2002, Theorem 11.3) so that if
LMI (17) is feasible, there is a εo > 0 such that for all
ε < εo, the original system (7) is asymptotically stable in
the sense of Lyapunov with L2-gain of γ, and the gains Γ
and ε provide suitable design choices for the antiwindup
construction. �

Remark 2. Note that LMI (17) allows the incorporation
of actuator dynamics through ε into the antiwindup syn-
thesis. To the best of the authors’s knowledge, this ex-
tra design choice has never been explicitly exploited for
antiwindup design before now. In Mulder et al. (2001),
a similar parameter δ1 was computed as a by-product of
the antiwindup design process (Mulder et al., 2001, LMI
(11)). However, there is no clear procedure on how to take
advantage of this parameter. In Grimm et al. (2003a), a
filter is introduced into the antiwindup loop a posteriori
to eliminate algebraic loops during implementation stage.

Remark 3. The extra parameter ε can also be exploited
to enlarge the stability region of attraction for the anti-
windup system by maximizing the ellipsoid inscribed by
the equilibrium set of (7) e.g. (Galeani et al., 2008; Yang
et al., 2016). We will exploit this in a further research.
Alternatively, we could minimize a convex combination of
ε and γ i.e. dγ+(1−d)ε with d ∈ (0, 1) subject to LMI (17)
for trade-off between stability robustness and performance
(Turner et al., 2007).

3.2 Singular Perturbation plus Decoupling Approach

Suppose there is a nonsingular decoupling matrix E such
that the plant G and the controller K can be decomposed
as:

G = GDE and K = E−1KD (18)

where GD and KD are fully decentralized. Then following
Adegbege and Heath (2015); Ofodile and Turner (2016),
we can enforce some structure on the antiwindup con-
struction by incorporating the decoupling matrix E into
the LMI synthesis. We illustrate this using two existing
approaches to antiwindup decoupling.

Psuedo-decentralized Antiwindup Following (Ofodile and
Turner, 2016), the decoupling matrix E is introduced into
the antiwindup closed loop as shown in Fig. 2 without
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et al., 2003b; Adegbege and Heath, 2017). Under this
assumption, and using the notation of Khalil (2002), the
antiwindup system (7) is said to be a standard singularly
perturbed system.

The fast transient is due to the discrepancy between the
full system (7) and the reduced system (14). This is
captured by the following boundary layer system expressed
in τ = t/ε time-scale:

dxλ

dτ
= −xλ (15)

where xλ = xaw − q∗. It follows that for sufficiently small
ε, (15) will rapidly converge to q∗ which also solves the al-
gebraic loop. We will exploit this property in the practical
implementation of the algebraic loop in Section 4. For now,
we take advantage of the two-time scale decomposition of
(7) to construct an antiwindup compensator with both
stability and performance (L2-gain sense) guarantees.

3. ANTIWINDUP CONSTRUCTION

3.1 Singular Perturbation Approach

For nonlinear singularly perturbed systems, stability is
commonly analyzed using separate Lyapunov functions for
the reduced (or slow) system and the boundary layer (or
fast) system and then composing them into a composite
Lyapunov function for the full system. Here, we also incor-
porate performance specification and define the following
composite Lyapunov function for (7):

V (x, xλ) =xTPx+ 2

∫ t

0

qTW (u− q)dt

+

∫ t

0

(
1

γ
zT z − γwTw

)
dt+ xT

λxλ

(16)

where P and W (diagonal) are symmetric positive definite
matrices and γ is a positive scalar which denotes the L2-
gain from w to z (Boyd et al., 1994). Note that the first
three terms of (16) describe the reduced system (14) and
the last term describes the boundary layer system (15).
Using (16), we state the following result:

Theorem 1. The antiwindup closed-loop system (7) is sta-
ble with L2 gain from w to z less than γ > 0 if there exit
symmetric matrices Q = P−1 > 0 and U = W−1 > 0,
matrix X and a scalar εo > 0 such that for all 0 < ε < εo
the following LMI is feasible:

He




AQ Bw BqoU +BqΓX 0 0

0 −γ

2
I 0 0 0

CξQ Du −U +DξoU +DξΓX 0 0
0 0 U −εI 0

CQ Dw DqoU +DqΓX 0 −γ

2
I



< 0.

(17)

The antiwindup gain Γ is given by Γ = XU−1 where X
and U are some feasible solutions of LMI (17).

Proof. The proof follows the standard approach of (Mul-
der et al., 2001; Galeani et al., 2008) and (Khalil, 2002,
Theorem 11.3). For completeness, we provide a sketch of
the proof here. First observe that V (x, xλ) as defined by
(16) is positive definite and where the second term enforces
the sector condition describing the nonlinearity Dz(·) and

Fig. 2. Pseudo-Decentralized Antiwindup Control Loop

the third term enforces the L2-gain from w to z on the
reduced problem (14). Now for asymptotic stability, V̇ < 0
must hold. Evaluating the derivative of V (x, xλ) along the

trajectories of (14) and (15), and imposing V̇ < 0 followed
by a series of Schur’s complementations and congruence
transformations give the matrix inequality (17). It follows
that the interconnection the reduced system (14) and the
boundary layer system (15) is asymptotically stability.
We claim that the Lyapunov function (16) satisfies all
the conditions of (Khalil, 2002, Theorem 11.3) so that if
LMI (17) is feasible, there is a εo > 0 such that for all
ε < εo, the original system (7) is asymptotically stable in
the sense of Lyapunov with L2-gain of γ, and the gains Γ
and ε provide suitable design choices for the antiwindup
construction. �

Remark 2. Note that LMI (17) allows the incorporation
of actuator dynamics through ε into the antiwindup syn-
thesis. To the best of the authors’s knowledge, this ex-
tra design choice has never been explicitly exploited for
antiwindup design before now. In Mulder et al. (2001),
a similar parameter δ1 was computed as a by-product of
the antiwindup design process (Mulder et al., 2001, LMI
(11)). However, there is no clear procedure on how to take
advantage of this parameter. In Grimm et al. (2003a), a
filter is introduced into the antiwindup loop a posteriori
to eliminate algebraic loops during implementation stage.

Remark 3. The extra parameter ε can also be exploited
to enlarge the stability region of attraction for the anti-
windup system by maximizing the ellipsoid inscribed by
the equilibrium set of (7) e.g. (Galeani et al., 2008; Yang
et al., 2016). We will exploit this in a further research.
Alternatively, we could minimize a convex combination of
ε and γ i.e. dγ+(1−d)ε with d ∈ (0, 1) subject to LMI (17)
for trade-off between stability robustness and performance
(Turner et al., 2007).

3.2 Singular Perturbation plus Decoupling Approach

Suppose there is a nonsingular decoupling matrix E such
that the plant G and the controller K can be decomposed
as:

G = GDE and K = E−1KD (18)

where GD and KD are fully decentralized. Then following
Adegbege and Heath (2015); Ofodile and Turner (2016),
we can enforce some structure on the antiwindup con-
struction by incorporating the decoupling matrix E into
the LMI synthesis. We illustrate this using two existing
approaches to antiwindup decoupling.

Psuedo-decentralized Antiwindup Following (Ofodile and
Turner, 2016), the decoupling matrix E is introduced into
the antiwindup closed loop as shown in Fig. 2 without
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altering the input-output map of the original closed loop
system in Fig. 1. Isolating the decoupled plant and con-
troller (18), and the nonlinearity

ṽ = φ(ũ) = ESat(E−1ũ) (19)

where v = E−1ṽ and u = E−1ũ, we obtain a scaled anti-
windup loop driven by a fictitious signal q̃ = ũ− ṽ. Using
this restructuring and the fact that the nonlinearity (19)
satisfies same sector condition as the original saturation
nonlinearity (Ofodile and Turner, 2016), we construct a
suitable antiwindup gain as follows:

Corollary 4. Suppose there exists a nonsingular decou-
pling matrix E ∈ Rm×m such that (18) and (19) hold.
Then the antiwindup closed-loop system (7) is stable with
L2 gain from w to z less than γ if there exit symmetric
matrices Q = P−1 > 0 and U = W−1 > 0, matrix X and
a scalar εo > 0 such that for all 0 < ε < εo the following
LMI is feasible:

He




AQ Bw BqoE
−1U +BqΓX 0 0

0 −γ

2
I 0 0 0

ECξQ EDu L 0 0
0 0 E−1U −εI 0

CQ Dw DqoE
−1U +DqΓX 0 −γ

2
I



< 0,

(20)

where L = −U +EDξoE
−1U +EDξΓX. The antiwindup

gain Γ is given by Γ = XU−1 where X and U are feasible
solutions of LMI (17).

Proof. First, we replace u and q with ũ and q̃ in (16)
respectively. We then follow similar steps as in the proof
of Theorem 1 to arrive at LMI (20). �

Directionality Compensation Antiwindup For direction-
ality compensation, the original saturation nonlinearity in
Fig. 1 is replaced with an artificial nonlinearity as shown
in Fig. 3 such that during saturation, the artificial nonlin-
earity makes Ev close to Eu in some sense while satisfying
the limits imposed by the input saturation (3). One way
of expressing such artificial nonlinearity is the following
saturated quadratic programming problem (Adegbege and
Heath, 2015, 2016):

min
v

(E(v − u))
T
(E(v − u)) , (21a)

subject to umin ≤ v ≤ umax. (21b)

Since E is nonsingular, ETE is symmetric positive definite.
Hence the optimization (21) is strictly convex with a
unique optimal solution v∗ since (21b) is nonempty.

Suppose we define v = E−1ṽ, ũ = Eu and the optimization

χ(ũ) = min
ṽ

(ṽ − ũ)
T
(ṽ − ũ) (22a)

subject to umin ≤ E−1ṽ ≤ umax, (22b)

the nonlinearity (21) can be expressed compactly as:

v = ψ(u) = E−1χ(Eu). (23)

Using above information, the directionality compensation
of Fig. 3 can be restructured into that of Fig 4 where the
antiwindup loop is scaled by E and driven by the fictitious
signal q̃ = ũ − ṽ. As shown in (Adegbege and Heath,
2015), the nonlinearity (23) satisfies a generalized sector

Fig. 3. Antiwindup for Directionality Compensation

Fig. 4. Equivalent Antiwindup Structure for Directionality
Compensation

condition and a suitable antiwindup can be constructed as
follows:

Corollary 5. Suppose there exists a nonsingular decou-
pling matrix E ∈ Rm×m such that (18) and (23) hold.
Then the antiwindup closed-loop system (7) is stable with
L2 gain from w to z less than γ if there exit symmetric
matrices Q = P−1 > 0 and U = W−1 > 0, matrix X and
a scalar εo > 0 such that for all 0 < ε < εo the following
LMI is feasible:

He




AQ Bw BqoME−T +BqΓXE−T 0 0

0 −γ

2
I 0 0 0

CξQ Du L 0 0
0 0 ME−T −εI 0

CQ Dw DqoME−T +DqΓXE−T 0 −γ

2
I



< 0,

(24)

where L = −ME−T + DξoME−T + DξΓXE−T . The
antiwindup gain Γ is given by Γ = XM−1 where X and
M are feasible solutions of LMI (17).

Proof. The result follows after applying congruence
transformation diag(I, I, E−1, I) to LMI (20) and setting
M = E−1U .

Remark 6. The decoupling techniques of Corollaries 4 and
5 do not only offer architectural simplicity for multivari-
able antiwindup design but also provide means of condi-
tioning the antwindup signal using structural information
about the plant. Note that the decoupled structures of
Fig. 2 and Fig. 4 can be employed for designing antiwindup
control for each sub components of (GD, KD) while the
antiwindup blocks are the conditioned versions of the one
in Fig. 1.

4. SIMULATION EXAMPLE AND PRACTICAL
ANTIWINDUP IMPLEMENTATION

To illustrate the effectiveness of the proposed antiwindup
design and the implementation strategy, We consider a
case-study example taken from (Mulder et al., 2001).
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Example 7. The plant and the linear controller are given
respectively by{

ẋp = Apxp +Bpu

y = Cpxp
, and

{
ẋk = Akxk +Bke

u = Ckxk +Dke
(25)

with

Ap =

[
−0.01 0.00
0.00 −0.01

]
, Bp =

[
1 0
0 1

]
, Cp =

[
0.4 −0.5
−0.3 0.4

]
,

Ak =

[
0 0
0 0

]
, Bk =

[
1 0
0 1

]
, Ck =

[
0.020 0.025
0.015 0.020

]
,

Dk =

[
2.0 2.5
1.5 2.0

]
and e = w − y.

The plant input is subject to saturation umin
i = −1,

umax
i = 1, i = 1, 2 and the performance signal is set as

z = y−w where w = [w1 w2]
T with w1 = 0.63, w2 = 0.79.

In the notation of (1), we have: Ag = Ap, Bgw = Dyw =
0,Bgv − Bp, Cy = Cz = Cp, Dyv = Dzv = Dp and
Dzw = −I. In what follows, we compare several anti-
windup implementations using (25). In constructing the
antiwindup gains, we minimize the L2 gain γ subject to
the relevant LMIs using Yalmip/Sedumi solver. For com-
parison, we show for each scheme the level of performance
attained in terms of γ and the antiwindup gains H1 and
H2 defined as:

H1 = Γ1(I − Γ2)
−1 and H2 = (I − Γ2)

−1. (26)

Note that matrix H1 defines the internal stability of the
reduced system while the matrix H2 characterizes the
algebraic loop (14b) and hence the wellposedness of the
reduced system (Adegbege and Heath, 2017). For all the
schemes considered in section 3, the decoupling matrix E
is set as the high frequency gain of the plant CpA

d−1
P Bp

where d = 1 is the relative degree of the plant. Other
choices are discussed in (Adegbege and Heath, 2015). For
all the schemes, the values of γ and matrix H1 returned
are the same. These values alongside E are given as:

γ = 1.5543, H1 =

[
−8 10
6 −8

]
and E =

[
0.4 −0.5
−0.3 0.4

]
.

Figures 5 and 6 respectively show the output and the input
responses for the unconstrained, the saturated, the sin-
gularly perturbed (Theorem 1), the pseudo-decentralized
(Corollary 4) and the directionality compensated (Corol-
lary 5) antinwindup techniques. The singularly perturbed
and the directional compensated techniques result in the
best response while the pseudo-decentralized method ex-
hibits poor transient response. Note that the directional-
ity compensated scheme requires the online solution of a
quadratic program and the performance gains γ computed
for all the antiwindup schemes are same. We consider each
of them in details as follows:

Static antiwindup scheme of (Mulder et al., 2001; Grimm
et al., 2003a) Solving LMI (11) in (Mulder et al.,
2001), we obtain the following H2 matrix and associated
condition number:

H2 =

[
0.0200 −0.0256

−0.0202 0.0259

]
, cond(H2) = 4.224× 103.

Observe that H2 is highly ill-conditioned and as such the
antiwindup could not be implemented in software due to
numerical issues associated with ill-conditioned algebraic
loop. Following (Grimm et al., 2003b), we augmented the
synthesizing LMI with

Fig. 5. Example 1 Plant Outputs

Fig. 6. Example 1 Plant Inputs

He

[
(1− ρ)U + ρ (DξoU +DξΓX) 0

−ρ (DξoU +DξΓX)
(ρ− η)

4
U

]
< 0. (27)

Here, the parameters ρ and η have to be chosen sufficiently
large to ensure feasibility of the augmented system of
LMIs. For this example, we found that ρ must be close
to zero and otherwise the augemented LMI encounters
numerical issues during optimization. For a particular
choice, we obtain the following values:

H2 =

[
−0.3111 0.3982
0.3570 −0.4574

]
× 10−7, cond(H2) = 4.264× 103,

ρ = 1.15155× 10−11 and η = 1.5155× 10−4. Observe that
the antiwindup gains corresponding to these values are
too large and did not result in any meaningful simulation
results. So we exclude them from Figures 5 and 6.

Singularly perturbed Antiwindup scheme of Theorem (1)
Here, we follow the singularly perturbed antiwindup

design procedure of Theorem 1 to obtain:

H2 =

[
0.0197 −0.0252

−0.0199 0.0255

]
, cond(H2) = 4.224× 103
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Example 7. The plant and the linear controller are given
respectively by{

ẋp = Apxp +Bpu

y = Cpxp
, and

{
ẋk = Akxk +Bke

u = Ckxk +Dke
(25)

with

Ap =

[
−0.01 0.00
0.00 −0.01

]
, Bp =

[
1 0
0 1

]
, Cp =

[
0.4 −0.5
−0.3 0.4

]
,

Ak =

[
0 0
0 0

]
, Bk =

[
1 0
0 1

]
, Ck =

[
0.020 0.025
0.015 0.020

]
,

Dk =

[
2.0 2.5
1.5 2.0

]
and e = w − y.

The plant input is subject to saturation umin
i = −1,

umax
i = 1, i = 1, 2 and the performance signal is set as

z = y−w where w = [w1 w2]
T with w1 = 0.63, w2 = 0.79.

In the notation of (1), we have: Ag = Ap, Bgw = Dyw =
0,Bgv − Bp, Cy = Cz = Cp, Dyv = Dzv = Dp and
Dzw = −I. In what follows, we compare several anti-
windup implementations using (25). In constructing the
antiwindup gains, we minimize the L2 gain γ subject to
the relevant LMIs using Yalmip/Sedumi solver. For com-
parison, we show for each scheme the level of performance
attained in terms of γ and the antiwindup gains H1 and
H2 defined as:

H1 = Γ1(I − Γ2)
−1 and H2 = (I − Γ2)

−1. (26)

Note that matrix H1 defines the internal stability of the
reduced system while the matrix H2 characterizes the
algebraic loop (14b) and hence the wellposedness of the
reduced system (Adegbege and Heath, 2017). For all the
schemes considered in section 3, the decoupling matrix E
is set as the high frequency gain of the plant CpA

d−1
P Bp

where d = 1 is the relative degree of the plant. Other
choices are discussed in (Adegbege and Heath, 2015). For
all the schemes, the values of γ and matrix H1 returned
are the same. These values alongside E are given as:

γ = 1.5543, H1 =

[
−8 10
6 −8

]
and E =

[
0.4 −0.5
−0.3 0.4

]
.

Figures 5 and 6 respectively show the output and the input
responses for the unconstrained, the saturated, the sin-
gularly perturbed (Theorem 1), the pseudo-decentralized
(Corollary 4) and the directionality compensated (Corol-
lary 5) antinwindup techniques. The singularly perturbed
and the directional compensated techniques result in the
best response while the pseudo-decentralized method ex-
hibits poor transient response. Note that the directional-
ity compensated scheme requires the online solution of a
quadratic program and the performance gains γ computed
for all the antiwindup schemes are same. We consider each
of them in details as follows:

Static antiwindup scheme of (Mulder et al., 2001; Grimm
et al., 2003a) Solving LMI (11) in (Mulder et al.,
2001), we obtain the following H2 matrix and associated
condition number:

H2 =

[
0.0200 −0.0256

−0.0202 0.0259

]
, cond(H2) = 4.224× 103.

Observe that H2 is highly ill-conditioned and as such the
antiwindup could not be implemented in software due to
numerical issues associated with ill-conditioned algebraic
loop. Following (Grimm et al., 2003b), we augmented the
synthesizing LMI with

Fig. 5. Example 1 Plant Outputs

Fig. 6. Example 1 Plant Inputs

He

[
(1− ρ)U + ρ (DξoU +DξΓX) 0

−ρ (DξoU +DξΓX)
(ρ− η)

4
U

]
< 0. (27)

Here, the parameters ρ and η have to be chosen sufficiently
large to ensure feasibility of the augmented system of
LMIs. For this example, we found that ρ must be close
to zero and otherwise the augemented LMI encounters
numerical issues during optimization. For a particular
choice, we obtain the following values:

H2 =

[
−0.3111 0.3982
0.3570 −0.4574

]
× 10−7, cond(H2) = 4.264× 103,

ρ = 1.15155× 10−11 and η = 1.5155× 10−4. Observe that
the antiwindup gains corresponding to these values are
too large and did not result in any meaningful simulation
results. So we exclude them from Figures 5 and 6.

Singularly perturbed Antiwindup scheme of Theorem (1)
Here, we follow the singularly perturbed antiwindup

design procedure of Theorem 1 to obtain:

H2 =

[
0.0197 −0.0252

−0.0199 0.0255

]
, cond(H2) = 4.224× 103
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and ε = 12.6716. Note that despite the ill-conditioning of
H2, the antiwindup implementation of Fig. 1 eliminates
any algebraic loop and thus avoids the numerical issues
associated with (Mulder et al., 2001) and the feasibility
issue with the augmentation (27).

Singularly perturbed with pseudo-decentralized scheme of
(Ofodile and Turner, 2016) Introducing the decoupling
matrix E and following the procedure of Corollary 4, we
obtain:

H2 =

[
0.6013 −0.7516

−0.3131 0.4175

]
× 10−3, cond(H2) = 76.3192

and ε = 200.4608. Observe the effect of E on the condition
number of H2. However, the gain from improved anti-
windup conditioning is counterbalanced by the increase
in ε leading to slower response.

Singularly perturbed with directionality compensation scheme
of (Adegbege and Heath, 2015) Following the antiwindup
decoupling procedure of Corollary 5, we obtain

H2 =

[
0.0031 −0.0040

−0.0024 0.0031

]
, cond(H2) = 602.6947

and ε=10.9720. Also, observe the conditioning effect of
introducing E into the antiwindup loop. This case requires
the online solution of a quadratic program (21). We note
that such quadratic-programs admit solutions that can
be implemented using fast and efficient algorithms (e.g.
see Adegbege and Nelson (2016); Adegbege and Heath
(2017)). Here, we embed the optimization in an s-function
block and we implement the resulting antiwindup control
loop in Simulink. The results of Figs. 5 and 6 show the
effectiveness of the proposed technique for multivariable
antiwindup implementation.

5. CONCLUSION

We have developed a procedure for multivariable anti-
windup synthesis within the framework of singular per-
turbations. The two time-scale interpretation exposed the
significance of a previously unexploited design parameter
and also provided a convenient way to trade-off between
stability robustness and performance. As a future work,
we would like to explore the idea of enlarging the stability
region of attractions and establishing an upper-bound on
the singularly perturbed parameter. Embedding such an-
tiwindup controls on a fast analog processor for real-time
applications is also a subject of interest.
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