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1. INTRODUCTION

Quadratically constrained quadratic programming (QCQP)
is widely applied in engineering. Recent applications in-
clude among others relay coordination of power system
(Papaspiliotopoulos et al., 2017), power flow optimization
(Bose et al., 2015) and economic dispatch (Zhong et al.,
2013). In general, the QCQP problem is nonconvex and
NP-hard. However, in certain instances, it is possible to
exploit the physical structure of the problem to develop
efficient and polynomial-time algorithms (Bose et al., 2015;
Konar and Sidiropoulos, 2015). In these cases, iterative
solution methods such as interior point method (Torres
and Quintana, 1998), Hopfield neural networks (Su and
Lin, 2000) and alternating direction method of multipliers
Huang and Sidiropoulos (2016) have been employed.

Recently, there has been a surge in continuous-time
gradient-based methods for fast computation and real-
time implementation of nonlinear programming prob-
lems(Arrow et al., 1958; Feijer and Paganini, 2010;
Cherukuri et al., 2016). Such gradient dynamics have been
applied in active loss minization Ma and Elia (2013), in
congestion control applications Feijer and Paganini (2010)
and in load sharing Yi et al. (2015). Circuit implementa-
tion have also been considered in Costantini et al. (2008)
Levenson and Adegbege (2016). This class of methods
offers light-weight and efficient algorithms that can be
implemented in real-time with little or no storage require-
ments.

Motivated by these previous results, we develop in this
paper concise primal-dual gradient dynamics for a class
of convex QCQP problems. The proposed method extends
the results of Costantini et al. (2008) to cases where the
constraints are not affine in the variable and where the
nonlinearity describing the bound constraints is not nec-
essarily passive. Using a bound-Lagrangian reformulation

of the problem, we develop a compact gradient-based algo-
rithm to seek the saddle-point of the Lagrangian function
which in turn solves the original QCQP. The efficiency of
the proposed algorithm is tested on an economic dispatch
problem incorporating transmission losses.

Economic dispatch is an important energy management
problem which deals with power mismatch, fuel cost econ-
omy, and transmission losses reduction. The traditional
economic dispatch problem can be formulated as a QCQP
problem. We derive sufficient condition for which the sys-
tem is asymptotically stable and globally convergent to a
unique solution.

We organize the remainder of the paper as follows: In
section 2, we define the class of QCQP problems under
consideration. In section 3, we develop compact primal-
dual dynamics for seeking the saddle-point solution of the
Lagrangian reformulation of the QCQP problem. We also
provide convergence analysis of the primal-dual algorithm
using concepts of Lyapunov stability and we suggest neural
network architecture for efficient implementation of the
QCQP. In section 4, we consider a simulation example
using economic power dispatch problem incorporating
transmission losses.

The notation adopted throughout the paper is standard.

2. PROBLEM FORMULATION

We consider quadratically constrained quadratic program-
ming problem of the form:

minimize
x

f(x) (1a)

subject to gi(x) = 0, i = 1, · · · ,m, (1b)

x ∈ X , (1c)

with
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f(x) =
1

2
xTH0x+ q0

Tx+ r0, (2)

gi(x) =
1

2
xTHix+ qi

Tx+ ri, i = 1, · · · ,m, (3)

X = {x | li ≤ xi ≤ ui, i = 1, · · · , n}, (4)

where Hi ∈ Rn×n, hi ∈ Rn and ri ∈ R, i = 0, · · · ,m are
the problem data, and l ∈ Rn and u ∈ Rn with 0 ≤ l < u
are respectively the lower and the upper bound on the
variable x ∈ Rn to be optimized. We assume that H0 is
symmetric positive definite (i.e. H0 = HT

0 > 0) and that
Hi is symmetric positive semi-definite (i.e. Hi = HT

i ≥
0; i = 1...m) such that problem (1) is strictly convex
and solvable in polynomial time (Boyd and Vandenberghe,
2004).

We define a Lagrangian function L(x, λ, µ, µ) in terms of
x and the multipliers λ(indefinite) ∈ Rm, 0 ≤ µ ∈ Rn and
0 ≤ µ ∈ Rn for problem (1) as follows:

L (·) = f(x) +

m∑

i=0

λigi(x) + µT (l − x) + µT (x− u) (5a)

=
1

2
xTH(λ)x+ q(λ)Tx+ r(λ) + µT (Ax− b), (5b)

where

H(λ) = H0 +
m∑

i=0

λiHi, q(λ) = q0 +
m∑

i=0

λiqi,

r(λ) = r0 +

m∑

i=0

λiri, µ =

[
µ

µ

]
, A =

[
−I
I

]
and b =

[
−l
u

]
.

By the well-known saddle-point theorem (Boyd and Van-
denberghe, 2004), a vector x∗ solves problem (1) if there
exist multipliers λ∗, µ∗ such that together with x∗, the
point (x∗, λ∗, µ∗) is a saddle-point solution of (5) i.e. the
following inequality holds:

L(x∗, λ, µ) ≤ L(x∗, λ∗, µ∗) ≤ L(x, λ∗, µ∗). (6)

The vectors x∗ and (λ∗, µ∗) are said to be primal optimal
and dual optimal with no duality gap if the following
Karush-Kuhn-Tucker (KKT) optimality condition holds:

H(λ)x+ q(λ) + µ− µ = 0, (7a)

1

2
xTHix+ q0

Tx+ ri = 0; i = 1, · · · ,m, (7b)

µ ≥ 0, µT (l − x) = 0, (7c)

µ ≥ 0, µT (x− u) = 0, (7d)

(l − x) ≤ 0, (x− u) ≤ 0. (7e)

In what follows, we develop three primal-dual dynamics
that enforce the KKT optimality condition (7) at equilib-
rium and in turn provide the optimal solution to problem
(1). To ensure that such solutions always exist, we make
the following assumption.

Assumption 1. (Slater Condition) There exists x∗ such
that li < x∗

i < ui, i = 1, · · · , n and gi(x
∗) = 0, i =

1, · · · ,m.

3. PRIMAL-DUAL DYNAMICS

A natural primal-dual dynamical system for seeking the
saddle-point solution of (5) can be expressed as

ẋ = −K∇xL = −K
(
H(λ)x+ q(λ) + µ− µ

)
, (8a)

λ̇i = Γi∇λi
L = Γi

(
1

2
xTHix+ qTi x+ ri

)
, (8b)

µ̇ = Γµ[∇µL]+µ = Γµ[(l − x)]+µ , (8c)

µ̇ = Γµ[∇µL]+µ = Γµ[(x− u)]+µ (8d)

for i = 1, · · · ,m, where ∇xL, ∇λL, ∇µL, and ∇µL are

the partial gradients of L(x, λ, µ, µ) with respect to x, λ,
µ, and µ, respectively. The parameters K, Γ , Γµi

, and Γµi

are diagonal matrices with ith diagonal componentsKi, Γi,
Γµi

, and Γµ
i
, respectively, and [w]+z is an elementwise

projection to the positive orthant defined as

[w]+z =

{
w; w > 0 or z > 0

0 otherwise
(9)

for all w, z ∈ R.

The primal-dual dynamics (8) fall into the general gra-
dient dynamics of (Arrow et al., 1958), and the stability
and convergence properties for such dynamics have been
investigated for congestion control (Feijer and Paganini,
2010) and for power optimization applications (Ma and
Elia, 2013; Cherukuri et al., 2016). However, inspired by
Costantini et al. (2008), we develop more compact primal-
dual dynamics that can easily be implemented using a
neural network architecture and with fast analog circuits
(Levenson and Adegbege, 2016). We also construct suf-
ficient conditions via Lyapunov stability to guarantee the
asymptotic convergence of the primal-dual dynamics. Note
that the stability proof of Costantini et al. (2008) is invalid
for our case as the piecewise linear function corresponding
to (1c) is not necessarily odd which is an underlying
assumption in (Costantini et al., 2008).

3.1 Concise Primal-Dual Dynamics

To derive concise primal-dual dynamics for (1), we adopt
the bound-constrained reformulation of the Lagrangian
function (5) where only the equality constraint is incor-
porated as

L̃(x, λ) = 1

2
xTH(λ)x+ qT (λ)x+ r(λ). (10)

The bound constraint (1c) is enforced via the following
quadratic programming (for fixed λ) sub-problem :

minimize
x

L̃(x, λ) (11a)

subject to l ≤ x ≤ u. (11b)

With this, the multipliers µ and µ have been eliminated
resulting in a condensed reformulation for (5). Observe

that the partial gradients of L̃(x, λ) with respect to x and
λ are respectively,

∇xL̃(x, λ) = ∇xL(x, λ, µ, µ) = H(λ)x+ q(λ) and

∇λiL̃(x, λ) = ∇λiL(x, λ, µ, µ) =
1

2
xTHix+ qTi x+ ri.

The primal-dual dynamics for the condensed problem (11)
can be implemented in two different forms. First we define
the non-linearity

σ(x) = [σ1(x1) . . . σn(xn)]
T (12)

where each σi(xi) is a pieceiwise linear function
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σi(xi) =





li, if xi < li,

xi, if li ≤ xi ≤ ui,

ui, if xi > ui.

(13)

Exploiting the gradient projection method for bound-
constrained quadratic programming problem (Moré and
Toraldo, 1989), we write the following primal-dual dynam-
ics for seeking the solution of problem (1)

ẋ = K (σ (x−H(λ)x− q(λ))− x) , (14a)

λ̇i = Γi

(
1

2
xTHix+ qi

Tx+ ri

)
, i = 1, · · · ,m. (14b)

Note that (14a), for a fixed λ, the trajectory of x decreases

the Lagrangian L̃(x, λ) in the negative direction of the
partial gradient and the result projected into the box
described by (13). On the other hand, (14b) increases the

Lagrangian L̃(x, λ) in the positive direction of the partial

gradient ∇λL̃(x, λ) such that the equality constraint (1b)
holds at equilibrium.

To develop alternative primal-dual dynamics for the con-
densed problem (11), we introduce an auxiliary variable w
such that the nonlinearity becomes

x = σ(w) = [σ1(w1) . . . σn(wn)]
T (15)

where each σi(wi) is a pieceiwise linear function

σi(wi) =





li, if wi < li,

wi, if li ≤ wi ≤ ui,

ui, if wi > ui.

(16)

Following Costantini et al. (2008), we write the following
primal-dual dynamics:

ẇ = K (x− w −H(λ)x− q(λ)) ; x = σ(w), (17a)

λ̇i = Γ

(
1

2
xTHix+ qi

Tx+ ri

)
, i = 1, · · · ,m. (17b)

The main difference between (14) and (17) is the location
of the nonlinearity σ(.). While in (14) the nonlinearity is
at the input of the integrator, in (17) it is at the output. In
what follows, we study the convergence properties of both
dynamical systems using concepts of Lyapunov stability
and the invariance principle (Khalil, 2002).

3.2 Convergence Studies

We begin with the following technical result.

Lemma 2. Under Assumption 1, any equilibrium point
(x∗, λ∗) of the primal-dual dynamics (14) or (17) describe
the KKT optimality condition for problem (1).

Proof. By Assumption 1, there exist x∗ together with
(λ∗, µ∗µ∗) such that the KKT optimality condition (7)
hold for problem (1). The conditions of (7) can be concisely
expressed in the form:

H(λ∗)x∗ + q(λ∗)





≥ 0, if x∗ = l,

= 0, if l < x∗ < u,

≤ 0, if x∗ = u,

(18a)

1

2
x∗THix

∗ + qi
Tx∗ + ri = 0; i = 1, · · · ,m. (18b)

Using the definition of σ(x) in (13), Condition (18) can be
rewritten as:

σ (x∗ − (H(λ∗)x∗ + q(λ∗)))− x∗ = 0, (19a)

1

2
x∗TPix

∗ + qTi x
∗ + ri = 0, i = 1, · · · ,m, (19b)

which is exactly the equilibrium condition of (14).

Now consider the primal-dual dynamics (17). The equilib-
rium condition can be expressed as:

x∗ − w∗ = H(λ∗)x∗ + q(λ∗)), (20a)

1

2
x∗TPix

∗ + qTi x+ ri = 0, i = 1, · · · ,m. (20b)

Combining (20) with (16) gives (18). So at equilibrium,
both primal-dual dynamics satisfy the KKT optimality
condition for (1). �

Next we show that any equilibrium of (14) or (17) is
asymptotically stable for any initial condition. We require
the following Lemma:

Lemma 3. Consider the piecewise linear function v = σ(z)
defined in (13). For any z ∈ Rn and any y ∈ X , the
following inequality hold:

(v − y)
T
(z − v) ≥ 0, (21a)

(v − y)
T
(z − y) ≥ 0. (21b)

Proof. The proof follows by considering all possible par-
tition of Rn. For example, consider the following cases:

For z ≤ l, we have v = l and y ≥ v.

For l ≤ z ≤ u, we have v = z.

For z ≥ u, we have v = u and y ≤ v.

So, inequalities (21) hold in all cases. �.

Proposition 4. Under Assumption 1, the trajectories gen-
erated by (14) or (17) are bounded.

Proof. To facilitate the analysis, we define v = σ(x −
∇xL̃(x, λ)) such that (14a) can be rewritten compactly as

ẋ = K (−x+ v) .

To establish the boundedness of (14), we employ the
following Lyapunov function:

V1(x, λ) =
1

2
x̃TK−1x̃+

1

2
λ̃TΓ−1λ̃

+

∫ t

0

(v − x∗)
T
(z − v) dτ

(22)

with x̃ = x−x∗, λ̃ = λ−λ∗, z = x−∇xL̃(x, λ), and where
(x∗, λ∗) is the equilibrium point of (14). Since x∗ ∈ X by
Lemma 2, we set y = x∗ in (21a) with no loss of generality.
Hence the third term of (22) is positive semi-definite. Now
evaluating the derivative of V along the trajectory of (14)
gives:

V̇1 =x̃TK−1ẋ+ λ̃TΓ−1λ̇+ (v − x∗)
T
(z − v)

=− (x− v)T (x− v) + (x∗ − x)T∇xL̃
+ (λ− λ∗)T∇λL̃+ (x− v)T∇xL̃

≤ − (x− v)T (x− v) + (x− v)T∇xL̃
+ L(x, λ)− L(x, λ∗) + L(x∗, λ)− L(x, λ)

≤− (x− v)T (x− v) + (x− v)T∇xL̃
≤ − (x− v)T (x− v)

≤0.
(23)
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σi(xi) =





li, if xi < li,

xi, if li ≤ xi ≤ ui,

ui, if xi > ui.

(13)

Exploiting the gradient projection method for bound-
constrained quadratic programming problem (Moré and
Toraldo, 1989), we write the following primal-dual dynam-
ics for seeking the solution of problem (1)

ẋ = K (σ (x−H(λ)x− q(λ))− x) , (14a)

λ̇i = Γi

(
1

2
xTHix+ qi

Tx+ ri

)
, i = 1, · · · ,m. (14b)

Note that (14a), for a fixed λ, the trajectory of x decreases

the Lagrangian L̃(x, λ) in the negative direction of the
partial gradient and the result projected into the box
described by (13). On the other hand, (14b) increases the

Lagrangian L̃(x, λ) in the positive direction of the partial

gradient ∇λL̃(x, λ) such that the equality constraint (1b)
holds at equilibrium.

To develop alternative primal-dual dynamics for the con-
densed problem (11), we introduce an auxiliary variable w
such that the nonlinearity becomes

x = σ(w) = [σ1(w1) . . . σn(wn)]
T (15)

where each σi(wi) is a pieceiwise linear function

σi(wi) =





li, if wi < li,

wi, if li ≤ wi ≤ ui,

ui, if wi > ui.

(16)

Following Costantini et al. (2008), we write the following
primal-dual dynamics:

ẇ = K (x− w −H(λ)x− q(λ)) ; x = σ(w), (17a)

λ̇i = Γ

(
1

2
xTHix+ qi

Tx+ ri

)
, i = 1, · · · ,m. (17b)

The main difference between (14) and (17) is the location
of the nonlinearity σ(.). While in (14) the nonlinearity is
at the input of the integrator, in (17) it is at the output. In
what follows, we study the convergence properties of both
dynamical systems using concepts of Lyapunov stability
and the invariance principle (Khalil, 2002).

3.2 Convergence Studies

We begin with the following technical result.

Lemma 2. Under Assumption 1, any equilibrium point
(x∗, λ∗) of the primal-dual dynamics (14) or (17) describe
the KKT optimality condition for problem (1).
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hold for problem (1). The conditions of (7) can be concisely
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∗ + qi
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Using the definition of σ(x) in (13), Condition (18) can be
rewritten as:

σ (x∗ − (H(λ∗)x∗ + q(λ∗)))− x∗ = 0, (19a)
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x∗TPix

∗ + qTi x
∗ + ri = 0, i = 1, · · · ,m, (19b)

which is exactly the equilibrium condition of (14).
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rium condition can be expressed as:

x∗ − w∗ = H(λ∗)x∗ + q(λ∗)), (20a)

1
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x∗TPix

∗ + qTi x+ ri = 0, i = 1, · · · ,m. (20b)

Combining (20) with (16) gives (18). So at equilibrium,
both primal-dual dynamics satisfy the KKT optimality
condition for (1). �

Next we show that any equilibrium of (14) or (17) is
asymptotically stable for any initial condition. We require
the following Lemma:

Lemma 3. Consider the piecewise linear function v = σ(z)
defined in (13). For any z ∈ Rn and any y ∈ X , the
following inequality hold:

(v − y)
T
(z − v) ≥ 0, (21a)

(v − y)
T
(z − y) ≥ 0. (21b)

Proof. The proof follows by considering all possible par-
tition of Rn. For example, consider the following cases:

For z ≤ l, we have v = l and y ≥ v.

For l ≤ z ≤ u, we have v = z.

For z ≥ u, we have v = u and y ≤ v.

So, inequalities (21) hold in all cases. �.

Proposition 4. Under Assumption 1, the trajectories gen-
erated by (14) or (17) are bounded.

Proof. To facilitate the analysis, we define v = σ(x −
∇xL̃(x, λ)) such that (14a) can be rewritten compactly as

ẋ = K (−x+ v) .

To establish the boundedness of (14), we employ the
following Lyapunov function:

V1(x, λ) =
1

2
x̃TK−1x̃+

1

2
λ̃TΓ−1λ̃

+

∫ t

0

(v − x∗)
T
(z − v) dτ

(22)

with x̃ = x−x∗, λ̃ = λ−λ∗, z = x−∇xL̃(x, λ), and where
(x∗, λ∗) is the equilibrium point of (14). Since x∗ ∈ X by
Lemma 2, we set y = x∗ in (21a) with no loss of generality.
Hence the third term of (22) is positive semi-definite. Now
evaluating the derivative of V along the trajectory of (14)
gives:

V̇1 =x̃TK−1ẋ+ λ̃TΓ−1λ̇+ (v − x∗)
T
(z − v)

=− (x− v)T (x− v) + (x∗ − x)T∇xL̃
+ (λ− λ∗)T∇λL̃+ (x− v)T∇xL̃

≤ − (x− v)T (x− v) + (x− v)T∇xL̃
+ L(x, λ)− L(x, λ∗) + L(x∗, λ)− L(x, λ)
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≤ − (x− v)T (x− v)

≤0.
(23)

CCA 2017
Johannesburg, South Africa
December 7-8, 2017

217



218 Munyoung Kim et al. / IFAC PapersOnLine 50-2 (2017) 215–220

Note that the first inequality follows from the fact that
L̃(x, λ) is convex in x and the concave in λ. So, the fol-
lowing inequalities holds (Boyd and Vandenberghe, 2004):

L̃(x∗, λ) ≥ L̃(x, λ) + (x∗ − x)T∇xL̃, (24a)

L̃(x, λ∗) ≤ L̃(x, λ) + (λ∗ − λ)T∇λL̃. (24b)

The second inequality follows from applying the saddle-
point inequality (6) to L̃(x, λ). The third inequality follows
from the observation that v−x vanishes for all cases of (13)

and (18). So, V̇ is non-increasing and V must be a valid
Lyapunov function for (14). It follows that the equilibrium
point (x∗, λ∗) of (14) is stable in the sense of Lyapunov.

Now for the primal-dual dynamics (17), We consider the
following passivity-based Lyapunov function:

V2(x, λ) =

n∑

i=1

1

Ki

∫ w̃i

0

σ̃i(·)dτ +
1

2
λ̃TΓ−1λ̃ (25)

where x = σ(w), w̃ = w−x∗, σ̃(·) = σ(·)−x∗ and as before

λ̃ = λ− λ∗. Observe that the first term of (25) is positive
semi-definite by virtue of (21b) where we set y = x∗ with
no loss of generality. Evaluating the derivative of V along
the trajectory of (17) gives:

V̇2 =(x− x∗)TK−1ẇ + (λ− λ∗)TΓ−1λ̇

=(x− x∗)T (x− w −∇xL̃) + (λ− λ∗)T∇λL̃
≤(x− x∗)T (x− w)

+ L(x, λ)− L(x, λ∗) + L(x∗, λ)− L(x, λ)
≤(x− x∗)T (x− w)

≤0.

(26)

The first inequality of (26) follows from the first order
conditions in (24) while the second inequality follows from
the saddle-point condition of (6). The final inequality
follows from applying (21a) with y set to x∗. �

We now state our main result.

Theorem 5. Under Assumption (1), the equilibrium point
(x∗, λ∗) of primal-dual dynamics (14) or (17) is asymp-
totically stable. Furthermore x∗ is the optimal solution of
problem (1).

Proof. By Proposition 4, the trajectories of both (14)
and (17) are bounded. We establish asymptotic stability
of the equilibrium point (x∗, λ∗) by invoking the Lasalle
invariance principle (Khalil, 2002). First we show that
both V1 and V2 are radially unbounded with respect to
x and λ. Since z = x−∇xL̃(x, λ) and v = σ(z) in (23), it
follows that x → ∞ implies z → ∞ and hence∫ t

0

(v − x∗)
T
(z − v) dτ → ∞ as x → ∞. (27)

Also, since x = σ(w) and σ̃(·) = σ(·)−x∗ in (26), we have
n∑

i=1

1

Ki

∫ w̃i

0

σ̃idτ → ∞ as x → ∞. (28)

Verifying the other terms, we conclude the radial unbound-
edness of V1 and V2 with respect to x and λ. By the
invariance principle, the trajectories of (14) and (17) must

converge to the largest invariant set where V̇1 = 0 and
V̇2 = 0 respectively. From (23), V̇1 = 0 only when x = v.
This equality holds only at the equilibrium of (14) (see

also (19a)). Similarly, from (26), V̇1 = 0 when x = x∗ or
x = w. Note that from (18) and (20a), x = w implies that
x is optimal (i.e. x = x∗). �

4. APPLICATION TO REAL-TIME ECONOMIC
POWER DISPATCH

In this section, we explore the application of the proposed
primal-dual dynamics to the economic dispatch problem
with transmission losses.

4.1 Economic Dispatch Problem Setup

Classical economic dispatch problem is to minimize the
overall generating cost of thermal generators while main-
taining balance between demand, losses and power gen-
erated, and satisfying some operational limits such as
generating capacity. The problem can be stated as:

minimize
x

ng∑

i=1

Ci =

ng∑

i=1

(
αi + βiPi + γiP

2
i

)
(29a)

subject to

ng∑

i=1

Pi = PD + PL, (29b)

Pmin
i ≤ Pi ≤ Pmax

i , i = 1, · · · , ng, (29c)

where ng is the number of participating generators, Pi is
the power generated by generator i, and αi, βi, and γi are
the cost coefficients for generator i. The bounds Pmin

i and
Pmax
i are the minimum and maximum generation limit of

each generator, respectively. PD is a total load demand
and PL is the power loss due to transmission.

One common way of capturing transmission losses is as
a quadratic function of power generated. We adopt the
Kron’s loss formula which can be stated as:

PL =

ng∑

i=1

ng∑

j=1

PiBijPj +
∑

i∈N

B0iPi +B00. (30)

where B, B0 and B00 are the transmission loss coefficients.
Using this expression of PL in (29) and rearranging gives
the QCQP (1) with the following Lagrangian parameters:

H(λ) =



2α1

. . .
2αng


+ λ



B11 · · · B1ng

...
. . .

...
Bng1 · · · Bngng


 ,

q(λ) =



β1

...
βng


+ λ



B01 − 1

...
B0ng − 1


 , and

r(λ) =
∑ng

i=1 αi + λ(PD +B00) where λ is the Lagrangian
multiplier associated with (29b), and the bounds are
respectively l = Pmin and u = Pmax. Since in this case,
the objective function f(x) is decentralized as in (29a),
the primal-dual dynamics can be implemented using the
neural network architectures in Figs. 1 through 3 following
dynamics (8), (14) and (17) respectively.

4.2 Simulation Example

We consider an economic dispatch problem with three
bus power generating units and power demand of PD =
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150MW (Saadat, 2002). The cost coefficients and power
generating constraints are stated in Table I.

The transmission loss coefficients are given as:
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Fig. 3. Neural Network Implementation of Primal-Dual
Dynamics (17)

Table 1. Parameter coefficients of network

Unit α β γ Pmin Pmax

1 200 7.0 0.008 10 85

2 180 6.3 0.009 10 80

3 140 6.8 0.007 10 70

B =

[
0.0218 0.0093 0.0028
0.0093 0.0228 0.0017
0.0028 0.0017 0.0179

]
× 10−2, B00 = 0.030523

B0 = [0.00003 0.0031 0.0015] .

We show in Fig. 4 the trajectories of three primal-dual
dynamics discussed in Section 3 which are generated using
MATLAB Simulink. For appropriate choice of gains, the
dynamics converge to the optimal solution of the economic
dispatch problem. Although the trajectory corresponding
to dynamic (8) exhibits faster transient, the computational
complexity (in terms of component count) is higher as
compare to the other dynamics (see Fig. 1 through 3).
This should translate into lower computation complexity
as well less hardware footprint for physical realization of
the neural network.

5. CONCLUSION

We have developed compact primal-dual dynamics for a
class of convex quadratically constrained quadratic pro-
grams. We showed that any equilibrium point satisfies the
KKT optimality condition and exhibits asymptotic con-
vergence under slater condition. For the case of decoupled
objective function, the primal-dual dynamics can be imple-
mented using a recurrent neural network architecture. This
structure is simple and can easily be realized using analog
circuits or miniaturized using very large scale integrated
circuit technology.
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We show in Fig. 4 the trajectories of three primal-dual
dynamics discussed in Section 3 which are generated using
MATLAB Simulink. For appropriate choice of gains, the
dynamics converge to the optimal solution of the economic
dispatch problem. Although the trajectory corresponding
to dynamic (8) exhibits faster transient, the computational
complexity (in terms of component count) is higher as
compare to the other dynamics (see Fig. 1 through 3).
This should translate into lower computation complexity
as well less hardware footprint for physical realization of
the neural network.

5. CONCLUSION

We have developed compact primal-dual dynamics for a
class of convex quadratically constrained quadratic pro-
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vergence under slater condition. For the case of decoupled
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dash, and dotted, respectively, for economic dispatch
problem 4.2.
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