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1. INTRODUCTION

Model predictive control (MPC), also known as receding
horizon control, is a method of choice for constrained con-
trol applications such as in Maciejowski (2002); Rawlings
and Mayne (2009). At each instance when the system
receives a new input, a finite horizon optimal control
problem is solved to calculate future inputs while account-
ing for constraints. For linear systems subject to linear
constraints and with a quadratic cost function, the finite
horizon optimal control problem can be formulated as
a Quadratic Program (QP). A comprehensive synopsis
of methods of quadratic programming can be found in
Lin and Pang (1987). Other works such as Golub et al.
(2001); Benzi et al. (2005) focused specifically on iterative
methods for solving equality-constrained QPs. Iterative
methods for Linear Complementarity Problems (LCP) to
solve QPs can be found in Ahn (1983); Morales et al.
(2008); Murty (1988); Cottle et al. (2009). Projection and
splitting algorithms are discussed in Galligani et al. (1998)
and Ruggiero and Zanni (2000).

As the number of states, inputs, and horizons increase
in MPC applications, the problem becomes increasingly
more complicated, resulting in more computational and
storage overhead. Often times, however, the QP must be
solved quickly and efficiently with limited resources. As
a result, there has been recent interest in low complexity
but fast optimization algorithms. Different enhancements
of the classical gradient projection algorithm have been
exploited for this purpose, with each method having its
own share of strengths and weaknesses. In Dang et al.
(2015), there is a more recent overview of first-order based
QP algorithms for fast MPC computations. Other works
utilize the method of multipliers, such as in Bertsekas
(1982). In Kogel and Findeisen (2011), this is combined
with Nesterov’s gradient method. In Giselsson (2014), an
improved fast dual gradient method is proposed which
generalizes the schemes in Patrinos and Bemporad (2014)
and Jerez et al. (2014). Finally, the Alternating Direction
Method of Multipliers (ADMM) has been utilized in mul-

tiple applications and thoroughly explored in other papers
such as in Ghadimi et al. (2015).

In this paper, we propose a successive over-relaxation
(SOR)-like scheme which combines in one framework the
efficiency and the simplicity of traditional SOR methods
with the speed of fast dual-gradient methods. This SOR-
like method is derived using a matrix-splitting scheme and
can be interpreted in the general framework of first-order
primal-dual algorithms such as in Chambolle and Pock
(2011). The proposed SOR-like method is able to handle
both state and input constraints and it can be tuned for
optimum performance and global convergence. The algo-
rithm shows significant prospects for embedded control
applications and can easily be implemented or accelerated
using computing hardware like Field Programmable Gate
Arrays (FPGA), in Jerez et al. (2014), and Programmable
Logic Controllers (PLC), in Levenson et al. (2017); Adeg-
bege and Mauro (2015). We compare the method’s per-
formance with other existing, well-known methods using a
typical MPC example.

The notation adopted throughout the paper is standard.
For two vectors x, y ∈ Rm, x < (≤)y implies xi < (≤)yi
for all i. Additionally, ||x|| denotes the Euclidean norm of

x with respect to the inner product
√
xTx. For a matrix

H ∈ Rm×m, ||H|| denotes the induced matrix norm.

2. PROBLEM FORMULATION AND
PRELIMINARIES

We are concerned with problems of the form

min
z

J(z) =
1

2
zTHz + zT q (1a)

subject to Ez = e (1b)

z ∈ Z (1c)

where H ∈ Rm×m, E ∈ Rn×m, q ∈ Rm and e ∈ Rn. The
matrix H is assumed to be symmetric positive definite so
that J(z) is strictly convex. The constraint set Z ⊂ Rm

describes a box defined by the following projection
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horizon optimal control problem can be formulated as
a Quadratic Program (QP). A comprehensive synopsis
of methods of quadratic programming can be found in
Lin and Pang (1987). Other works such as Golub et al.
(2001); Benzi et al. (2005) focused specifically on iterative
methods for solving equality-constrained QPs. Iterative
methods for Linear Complementarity Problems (LCP) to
solve QPs can be found in Ahn (1983); Morales et al.
(2008); Murty (1988); Cottle et al. (2009). Projection and
splitting algorithms are discussed in Galligani et al. (1998)
and Ruggiero and Zanni (2000).

As the number of states, inputs, and horizons increase
in MPC applications, the problem becomes increasingly
more complicated, resulting in more computational and
storage overhead. Often times, however, the QP must be
solved quickly and efficiently with limited resources. As
a result, there has been recent interest in low complexity
but fast optimization algorithms. Different enhancements
of the classical gradient projection algorithm have been
exploited for this purpose, with each method having its
own share of strengths and weaknesses. In Dang et al.
(2015), there is a more recent overview of first-order based
QP algorithms for fast MPC computations. Other works
utilize the method of multipliers, such as in Bertsekas
(1982). In Kogel and Findeisen (2011), this is combined
with Nesterov’s gradient method. In Giselsson (2014), an
improved fast dual gradient method is proposed which
generalizes the schemes in Patrinos and Bemporad (2014)
and Jerez et al. (2014). Finally, the Alternating Direction
Method of Multipliers (ADMM) has been utilized in mul-

tiple applications and thoroughly explored in other papers
such as in Ghadimi et al. (2015).

In this paper, we propose a successive over-relaxation
(SOR)-like scheme which combines in one framework the
efficiency and the simplicity of traditional SOR methods
with the speed of fast dual-gradient methods. This SOR-
like method is derived using a matrix-splitting scheme and
can be interpreted in the general framework of first-order
primal-dual algorithms such as in Chambolle and Pock
(2011). The proposed SOR-like method is able to handle
both state and input constraints and it can be tuned for
optimum performance and global convergence. The algo-
rithm shows significant prospects for embedded control
applications and can easily be implemented or accelerated
using computing hardware like Field Programmable Gate
Arrays (FPGA), in Jerez et al. (2014), and Programmable
Logic Controllers (PLC), in Levenson et al. (2017); Adeg-
bege and Mauro (2015). We compare the method’s per-
formance with other existing, well-known methods using a
typical MPC example.

The notation adopted throughout the paper is standard.
For two vectors x, y ∈ Rm, x < (≤)y implies xi < (≤)yi
for all i. Additionally, ||x|| denotes the Euclidean norm of

x with respect to the inner product
√
xTx. For a matrix

H ∈ Rm×m, ||H|| denotes the induced matrix norm.

2. PROBLEM FORMULATION AND
PRELIMINARIES

We are concerned with problems of the form

min
z

J(z) =
1

2
zTHz + zT q (1a)

subject to Ez = e (1b)

z ∈ Z (1c)

where H ∈ Rm×m, E ∈ Rn×m, q ∈ Rm and e ∈ Rn. The
matrix H is assumed to be symmetric positive definite so
that J(z) is strictly convex. The constraint set Z ⊂ Rm

describes a box defined by the following projection
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P(z) =




z, z ≥ z

z, z < z < z

z, z ≤ z

(2)

where 0 ≥ z ∈ Rm and 0 ≤ z ∈ Rm are the lower and
upper bounds, respectively. We are particularly interested
in the case where m is large and the problem data H and
E present certain structure such as sparsity, and where
an approximate solution must be computed very fast with
limited computational resource. Associated with problem
(1) is the bound-constrained Lagrangian function L : Z×
Rn → R given by

L(z, λ) = J(z) + λT (−Ez + e) (3)

where λ is the Lagrange multiplier associated with the
equality constraint. By specializing the Karush Kuhn
Tucker (KKT) optimality conditions (Boyd and Vanden-
berghe, 2004) to the QP formulation (1), the first-order
necessary condition for any z ∈ Z to be a solution can be
expressed in terms of the partial gradients of (3) as

z = P (z −�zL(z, λ)) = P
(
z − (Hz + q − ETλ)

)
(4a)

�λ L(z, λ) = e− Ez = 0 (4b)

where �zL(z, λ) and �λL(z, λ) are the partial gradients
of (3) with respect to z and λ respectively. This compact
formulation of the KKT conditions is very pivotal to the
iterative solution algorithms discussed in section 3 and it is
particularly advantageous when n < m, which is typical of
problems arising from model predictive control (MPC). By
construction, any z∗ ∈ Z which solves (4) also solves the
original problem (1) and any solution pair (z∗, λ∗) satisfies
the relation (Bertsekas, 1982)

L(z∗, λ) ≤ L(z∗, λ∗) ≤ L(z, λ∗) (5)

for all z ∈ Z and λ ∈ Rn. In what follows, we develop an
iterative procedure for seeking the solution of (4).

3. PROPOSED SOR-LIKE METHOD

3.1 Algorithm Formulation

Consider the augmented system

[
H −ET

−E 0

] [
z
λ

]
=

[
−q
−e

]
(6)

associated with equality-constrained QP defined by (1a)
and (1b). Suppose we employ the following matrix splitting
strategy [

H −ET

−E 0

]
≡ M −N, (7)

with

M =



1

α
D 0

−E
−1

ω
Q


 , N =



1

α
D −H ET

0
−1

ω
Q


 (8)

where D ∈ Rm×m and Q ∈ Rn×n are nonsingular pre-
conditioning matrices, and α and ω are positive relaxation
parameters. These parameters will be used to control the
convergence rate of the algorithm. Note that (8) is basi-
cally an SOR-matrix splitting applied to (7) with the null

Algorithm 1 SOR-Like Method (Block Algorithm)

1: Initialize z0, λ0, k = 0  Setting a starting point
2: while ||zk − zk+1|| ≥ tol and k < iter do
3: zk+1 = P(zk − αD−1(Hzk − ETλk + q))
4: λk+1 = λk − ωQ−1(Ezk+1 − e)
5: k ← k + 1
6: end while

Algorithm 2 SOR-Like Method (Point Algorithm)

1: Initialize z0, λ0, k = 0  Setting a starting point
2: while ||zk − zk+1|| ≥ tol and k < iter do
3: for i = 1, ...,m do

4: ∆zi = D−1
ii (

m∑
j=1

Hijz
k
j −

n∑
j=1

ET
jiλ

k
j + qi)

5: zk+1
i = Pi(z

k
i − α∆zi)

6: end for
7: for i = 1, ..., n do

8: ∆λi = Q−1
ii

m∑
j=1

(Eijz
k+1
j − ei)

9: λk+1
i = λk

i − ω∆λi

10: k ← k + 1
11: end for
12: end while

lower block diagonal element replaced with matrix Q
Golub et al. (2001).

By substituting (7) into (6), we obtain the following
iterative procedure: Given (zk, λk), then compute the
(zk+1, λk+1) as the solution of the following system.[

z
λ

]
= M−1

(
N

[
zk

λk

]
−
[
q
e

])
. (9)

Simple equation manipulation reveals that (zk+1, λk+1)
can be obtained iteratively from the following system of
coupled equations:

zk+1 = zk − αD−1
(
Hzk − ETλk + q

)
, (10)

λk+1 = λk + ωQ−1
(
−Ezk+1 + e

)
. (11)

Extending the above procedure to the case where z ∈ Z,
we obtain the SOR-like method stated in Algorithm 1.

For appropriately chosen preconditioning matrices, Algo-
rithm 1 is not only easy to implement, but it also preserves
the sparsity of the original problem. These features make
the SOR-like method a suitable choice for embedded MPC
applications where large-size problems exhibiting certain
structures have to be processed relatively fast within an
acceptable margin of accuracy. Observe that step 3 of
Algorithm 1 involves taking one-step in the direction of the
negative gradient of (3) for a fixed step length α and for
a fixed λ, and then projecting the solution to the feasible
region defined by (2). Also, step 4 involves taking one-step
in the direction of the positive gradient of (3) for a fixed
step length ω and for a fixed z. It also follows that any fixed
point (z∗, λ∗) of the iteration sequence {zk, λk} satisfies
the KKT optimality conditions (4). We will show in section
3.2 that the search directions for step 3 and 4 of Algorithm
1 are in fact descent and ascent directions, respectively. So,
Algorithm 1 may be interpreted as a primal-dual algorithm
for seeking the saddle-point solution of (3).
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Note that the updates zk and λk can be carried out sequen-
tially in a Gauss-Seidel Fashion (e.g. see Adegbege and
Nelson (2016)).By restricting the preconditioning matrices
D and Q to be diagonal, we obtain the point SOR-like
algorithm shown in Algorithm 2.

3.2 Convergence Analysis

To establish the convergence property of the SOR-like
method, we require the following technical result (Murty
(1988) [Theorem 9.8])

Lemma 1. Let D ∈ Rm×m be a positive diagonal matrix.
Then

(zk+1 − zk)TD−1(zk+1 − uk+1) ≤ 0 (12)

for all z ∈ Z and u ∈ Rm satisfying the projection
zk+1 = P(uk+1) in algorithm 1.

We now state the following result:

Proposition 1. Let H ∈ Rm×m be positive definite and let
E ∈ Rn×m be maximally ranked. Suppose the matrices
D ∈ Rm×mand Q ∈ Rn×m are positive definite and
there exists positive scalars ω and α such that 2D

α − H

is positive definite. Then the sequence {xk, λk} generated
by Algorithm 1 satisfies

(zk+1 − zk)T∇Lz (z
k, λk) < 0, for zk+1 �= zk and (13a)

(λk+1 − λk)T∇Lλ
(zk+1, λk) > 0, for λk+1 �= λk (13b)

Proof. By convexity of L(z, λ) with respect to the dual
variable λ ∈ Rn, we have

L(zk+1, λk) ≥ L(zk, λk) + (zk+1 − zk)T∇zL(zk, λk).

Re-writing gives

(zk+1−zk)T∇zL(zk, λk) ≤ L(zk+1, λk)− L(zk, λk)

=
1

2
(zk+1)THzk+1 − 1

2
(zk)THzk

+ (zk+1 − zk)T q − (λk)T (Czk+1 − Czk)

=
1

2
(zk+1 − zk)T (H − 2D

α
)(zk+1 − zk)

− 1

α
(zk+1 − zk)TD(zk+1 − uk+1)

≤1

2
(zk+1 − zk)T (H − 2D

α
)(zk+1 − zk) ≤ 0 .

The second equality follows from using the substitution

uk+1 = zk − αD−1(Hzk − ETλk + q) (14)

and the first inequality follows from Lemma 1. Since by
assumption ( 2Dα −H) is positive definite, the last inequality

follows. Note that equality holds only when zk is a fixed-
point (i.e. zk+1 = zk).

Similarly, by concavity of L(z, λ) with respect to z, we
have

L(zk+1, λk+1) ≤ L(zk+1, λk)+(λk+1−λk)T∇λL(zk+1, λk) .

Re-writing gives

(λk+1−λk)T∇λL(zk+1, λk) ≥ L(zk+1, λk+1)− L(zk+1, λk)

= (λk+1)T (−Ezk+1 + e)− (λk)T (−Ezk+1 + e)

= (λk+1 − λk)T (−Ezk+1 + e)

= ω(Ezk+1 − e)TQ−T (Ezk+1 − e)

=
1

ω
(λk+1 − λk)TQ(λk+1 − λk) ≥ 0 .

The third and the fourth equalities follow from step 4 of
Algorithm 1. The last inequality follows sinceQ is assumed
positive definite and since E is full-row ranked, ETQ−TE
must be positive semi-definite. The result follows. �

Remark 1. The significance of the result in Proposition 1
is that, if there exists a saddle point (z∗, λ∗) satisfying
condition (5), then the sequence (zk, λk) generated by
Algorithm 1 converges to the saddle point.

Lemma 2. Let H ∈ Rm×m be symmetric positive definite
and let E ∈ Rn×m be maximally ranked. Suppose D ∈
Rm×m and Q ∈ Rn×n are non-singular matrices and such
that

µT (D−1ETQ−1E)µ <
1

αω
||µ||2 (15)

for µ ∈ Rm and for some positive scalars α and ω. Then,
the sequence {zk} generated by algorithm 1 satisfies:

||zk+1 − zk|| ≤ρ||zk − zk−1||

+
α

ρ
||D−1|||ET (λk+1 − λk)|| (16)

where γ = 1−αω||D−1ETQ−1E|| and β = ||I−αD−1H||.

Proof. Omitted due to lack of space. �

In what follows, we establish the contractive property of
Algorithm 1 and, in so doing, we show that there exists
a fixed point (z∗, λ∗) to which Algorithm 1 converges for
appropriate parameter selection.

Proposition 2. Let D ∈ Rm×m be positive definite and let
E ∈ Rn×m be maximally ranked. Suppose

ρ =
β

γ
< 1, (17)

where γ = 1−αω||D−1ETQ−1E|| and β = ||I−αD−1H||.
Then the sequence {zk, λk} generated by Algorithm 1
converges to a fixed point { z∗, λ∗} and z∗ is the unique
solution of problem (1).

Proof. We only need to show that (15) is a contraction.
First note that, since

(λk+1−λk)TEET (λk+1−λk) ≤ λmax(EET )||λk+1−λk||2

holds where λmax is the maximum eigenvalue of EET , the
sequence {λk} is bounded. Now (15) can be expressed as

||zk+1 − zk|| ≤ ρ||zk+1 − zk||+ α

γ
||D−1||T (18)

where T is the upper bound on ||ET (λk+1−λk)|| for all k.
Since ρ < 1 by assumption, (17) is a contraction and {zk}
must converge to some fixed point z∗. It also follows from
step 4 of Algorithm 1 and the boundedness of {λk} that
λk must also converge to some fixed point λ∗. The proof
is complete.

3.3 Parameter Selection

Here, we consider parameter selection for the proposed
SOR-like method. SinceH and E are fixed by the problem,
D and Q, as well as the scalars α and ω, must be chosen
to guarantee the convergence results of section 3.2. In
what follows, we consider several choices of Q such that
condition (14) holds.

Case 1: Let Q = EH−1ET such that D−1ETQ−1E =
D−1H. It follows from (14) that we must have
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is complete.
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to guarantee the convergence results of section 3.2. In
what follows, we consider several choices of Q such that
condition (14) holds.

Case 1: Let Q = EH−1ET such that D−1ETQ−1E =
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αω <
1

λmax(D−1H)
. (19)

Case 2: Let Q = EET such that D−1ETQ−1E = D−1.
Hence we must choose α and ω such that

αω <
1

λmax(D−1)
. (20)

Case 3: Let Q = I such that D−1ETQ−1E = D−1ETE.
Here, we must choose α and ω such that

αω <
1

λmax(D−1ETE)
. (21)

Note that if D is chosen as D = H, Algorithm 1 reduces
to the Uzawa SOR method and case 1 reduces to choosing
αω < 1. However, it is typical to choose D as the diagonal
part of H (Nelson and Adegbege (2016)). In this case,
Algorithm 1 recovers the Gauss-Seidel-type SOR method.

4. RELATED AND EXISTING SCHEMES

In this section, we discuss different enhancements that
can be incorporated into the basic SOR-like algorithm
presented in section 3 as well as how several existing
schemes from the literature relate to our proposed scheme.

4.1 Accelerated SOR-Like Method

One enhancement that can be incorporated into Algorithm
1 is to deploy variable step-lengths instead of fixed parame-
ters α and ω. As shown in Chambolle and Pock (2011), this
enhancement may result in improved convergence but at
the expense of additional computational burden. Another
enhancement is to introduce a correction term as shown
in algorithm 3, where θk ∈ [0, 1] is a variable relaxation
parameter.

There are several ways to choose θ. When θ = 0, Algorithm
3 reduces to our basic Algorithm 1. When θ = 1, step 5 in
Algorithm 3 reduces to z̄k+1 = 2zk+1 − zk. Convergence
for this choice has been established Pock and Chambolle
(2011) and has been used in the MPC domain in Ku-
foalor et al. (2014). Finally, θk can be computed based
on Nesterov’s acclerated gradient method. The resulting
algorithm is shown in Algorithm 4.

4.2 Fast Dual Gradient Methods

By taking zk+1 from step 3 of Algorithm 3 as the unique
optimizer of the constrained (or the augmented) La-
grangian (3), Algorithm 3 reduces to the over-relaxed vari-
ant of the fast dual gradient methods (Giselsson (2014);
Kufoalor et al. (2014); Patrinos and Bemporad (2014)).

The generalized fast dual gradient method of Gisels-
son (2014) is essentially a combination of the Uzawa
SOR method and Nesterov’s acceleration step. Using the
matrix-splitting scheme

M =

[
H 0

−E −Q

]
, N =

[
0 ET

0 −Q

]
(22)

in (7) and combining with (2) gives

Algorithm 3 Accelerated SOR-Like Method

1: Initialize z0, z̄0, λ0, k = 0 � Setting a starting point
2: while ||zk − zk+1|| ≥ tol and k < iter do
3: zk+1 = P(z̄k − αD−1(Hz̄k − ETλk + q))
4: λk+1 = λk − ωQ−1(Ezk+1 − e)
5: z̄k+1 = zk+1 + θk(zk+1 − zk)
6: k ← k + 1
7: end while

Algorithm 4 Accelerated SOR-Like Method (with Nes-
terov)

1: Initialize z0, z̄0, λ0, θ0 = 1, k = 0 � Setting a starting
point

2: while ||zk − zk+1|| ≥ tol and k < iter do
3: zk+1 = P(z̄k − αD−1(Hz̄k − ETλk + q))
4: λk+1 = λk − ωQ−1(Ezk+1 − e)

5: θk+1 =
1+

√
1+4(θk)2

2

6: z̄k+1 = zk+1 + θk(zk+1 − zk)
7: k ← k + 1
8: end while

zk+1 = P(H−1(ETλk − q))

λk+1 = λk −Q−1(Ezk+1 − e)
(23)

Combining (22) with the Nesterov’s acceleration of the
{λk} gives the generalized dual gradient method of Gisels-
son (2014). Note that this method also corresponds to
taking zk+1 as the unique optimizer of

zk+1 = arg min
z∈Z

1

2
zTHz + qT z − (λk)T (Ez − e). (24)

Note that the accelerated dual gradient projection algo-
rithm of Patrinos and Bemporad (2014) is a special case
of the generalized fast dual gradient method of Giselsson
(2014) where Q = ||EH−1ET ||.
Similarly, the dual gradient method of Kufoalor et al.
(2014) corresponds to using the matrix-splitting scheme

M =

[
H +D 0

0 −Q

]
, N =

[
D ET

E −Q

]
(25)

in (7) to give

zk+1 = P(−(H +D)−1(q −D(zk +D−1ETλk))

λk+1 = λk −Q−1(Ezk − e)
(26)

where zk+1 is the unique optimizer of

zk+1 = arg min
z∈Z

1

2
zTHz + qT z

−1

2
||z − (zk +D−1ETλk)||2D.

(27)

Finally, combining (25) with the accelerated scheme of
Algorithm 3 where θ = 1 gives the scheme of Kufoalor
et al. (2014).

5. APPLICATION TO MODEL PREDICTIVE
CONTROL

Consider a discrete-time linear time-invariant (LTI) sys-
tem denoted as
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xk+1 = Axk +Buk (28)

where xk ∈ Rnp is the state and uk ∈ Rmp is the input.
The objective is to solve the linear MPC problem of the
form:

min
z

J(z) =
1

2

N−1∑
k=0

(xT
k Sxk + uT

kRuk) +
1

2
xT
NPxN

subject to xk+1 = Axk +Buk, k = 0, ..., N − 1

xmin ≤ xk ≤ xmax, k = 0, ..., N

umin ≤ uk ≤ umax, k = 0, ..., N − 1

x0 = x(t)

(29)

where S and R are assumed symmetric positive definite.
By defining a composite vector z = [uTxT ]T , problem (28)
can be expressed as a QP in the form of (1) where

E =




−B I 0 0 · · · 0 0 0
0 −A B −I · · · 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 · · · I 0 0
0 0 0 0 · · · −A −B I



, (30)

H =




R 0 · · · 0 0
0 S · · · 0 0
...

...
. . .

...
...

0 0 · · · S 0
0 0 · · · 0 P



, e =




Ax(t)
0
...
0


 . (31)

It is therefore straight-forward to apply the SOR-like
method with to problem (28) aswell as several well-known
methods such as the alternating direction method of
multipliers (ADMM) and the fast dual gradient method
(FDGM). For the comparison, all simulations are carried
out in MATLAB on a computer with an Intel Core i7-
3635QM processor and 8 GB of memory.

Performance of each respective method was examined in
terms of computation time and iterations to reach conver-
gence. All algorithms during simulations were initialized
from the origin and the stopping condition was specified
as ||zk − zk+1|| < 10−5.

5.1 Simulation Example

Consider the double integrator system

xk+1 =

[
1 1
0 1

]
xk +

[
0
1

]
uk (32)

The objective is to compute the receding horizon controller
that solves the optimization problem in the form of (4)

with the initial condition x(t) = [−4.5 2]
T
. The input

and state are constrained as U : −0.5 ≥ uk ≥ 0.5 and

X :

[
−5
−5

]
≥ xk ≥

[
5
5

]
, respectively, where k = 0, ..., N .

Additionally, P = S = I and R = 10.

In Table 1, we report the computation times the different
variants of the SOR-like method for fixed prediction and
control horizons and for different choices of Q correspond-
ing to the cases discussed in section 3.3. We observe that
the basic SOR-like algorithm out-performs the accelerated
versions. This observation is consistent with those of Pock
and Chambolle (2011) where the basic Arrow-Hurwicz
algorithm shows superior performance as

Table 1. SOR-Like Algorithm Version Compar-
ison

Parameters Ex. Time (ms)

α ω Q min avg. max

Alg 1 1 1 EH−1ET 0.0586 0.0677 3.900

0.6 0.7 EET 0.360 0.389 0.799

0.42 1 I 0.426 0.460 1.100

Alg 2 0.17 1.8 ||EH−1ET ||2I 0.612 0.647 5.500

0.42 1 I 0.217 0.229 0.6214

Alg 3 1 1 EH−1ET 0.0573 0.0814 4.7

Alg 4 1 1 EH−1ET 0.145 0.222 19.9

Table 2. Algorithm Performance Comparison

Parameters Ex. Time (ms) Iter.

min avg. max

Alg 1 α = 1, ω = 1 0.182 0.260 14.3 3

Q = EH−1ET

FDGM Lλ = EH−1ET 0.497 0.664 15.4 3

ADGPM Lλ = ||EH−1ET || 0.497 0.664 15.4 3

ADMM ρ = 1 2.6 3.1 7.7 68

ADGM α = 1, n = 1 4.4 5.3 8.50 232
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compared to some accelerated variants. When Q is chosen
as specified as in Case 1, Algorithm 1 out-performs all
other algorithms. In Table 2, we compare the performance
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xk+1 = Axk +Buk (28)

where xk ∈ Rnp is the state and uk ∈ Rmp is the input.
The objective is to solve the linear MPC problem of the
form:

min
z

J(z) =
1

2

N−1∑
k=0

(xT
k Sxk + uT

kRuk) +
1

2
xT
NPxN

subject to xk+1 = Axk +Buk, k = 0, ..., N − 1

xmin ≤ xk ≤ xmax, k = 0, ..., N

umin ≤ uk ≤ umax, k = 0, ..., N − 1

x0 = x(t)

(29)

where S and R are assumed symmetric positive definite.
By defining a composite vector z = [uTxT ]T , problem (28)
can be expressed as a QP in the form of (1) where

E =




−B I 0 0 · · · 0 0 0
0 −A B −I · · · 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 · · · I 0 0
0 0 0 0 · · · −A −B I



, (30)

H =




R 0 · · · 0 0
0 S · · · 0 0
...

...
. . .

...
...

0 0 · · · S 0
0 0 · · · 0 P



, e =




Ax(t)
0
...
0


 . (31)

It is therefore straight-forward to apply the SOR-like
method with to problem (28) aswell as several well-known
methods such as the alternating direction method of
multipliers (ADMM) and the fast dual gradient method
(FDGM). For the comparison, all simulations are carried
out in MATLAB on a computer with an Intel Core i7-
3635QM processor and 8 GB of memory.

Performance of each respective method was examined in
terms of computation time and iterations to reach conver-
gence. All algorithms during simulations were initialized
from the origin and the stopping condition was specified
as ||zk − zk+1|| < 10−5.

5.1 Simulation Example

Consider the double integrator system

xk+1 =

[
1 1
0 1

]
xk +

[
0
1

]
uk (32)

The objective is to compute the receding horizon controller
that solves the optimization problem in the form of (4)

with the initial condition x(t) = [−4.5 2]
T
. The input

and state are constrained as U : −0.5 ≥ uk ≥ 0.5 and

X :

[
−5
−5

]
≥ xk ≥

[
5
5

]
, respectively, where k = 0, ..., N .

Additionally, P = S = I and R = 10.

In Table 1, we report the computation times the different
variants of the SOR-like method for fixed prediction and
control horizons and for different choices of Q correspond-
ing to the cases discussed in section 3.3. We observe that
the basic SOR-like algorithm out-performs the accelerated
versions. This observation is consistent with those of Pock
and Chambolle (2011) where the basic Arrow-Hurwicz
algorithm shows superior performance as

Table 1. SOR-Like Algorithm Version Compar-
ison

Parameters Ex. Time (ms)

α ω Q min avg. max

Alg 1 1 1 EH−1ET 0.0586 0.0677 3.900

0.6 0.7 EET 0.360 0.389 0.799

0.42 1 I 0.426 0.460 1.100

Alg 2 0.17 1.8 ||EH−1ET ||2I 0.612 0.647 5.500

0.42 1 I 0.217 0.229 0.6214

Alg 3 1 1 EH−1ET 0.0573 0.0814 4.7

Alg 4 1 1 EH−1ET 0.145 0.222 19.9

Table 2. Algorithm Performance Comparison

Parameters Ex. Time (ms) Iter.

min avg. max

Alg 1 α = 1, ω = 1 0.182 0.260 14.3 3

Q = EH−1ET

FDGM Lλ = EH−1ET 0.497 0.664 15.4 3

ADGPM Lλ = ||EH−1ET || 0.497 0.664 15.4 3

ADMM ρ = 1 2.6 3.1 7.7 68

ADGM α = 1, n = 1 4.4 5.3 8.50 232
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compared to some accelerated variants. When Q is chosen
as specified as in Case 1, Algorithm 1 out-performs all
other algorithms. In Table 2, we compare the performance
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of the SOR-like algorithm with some state-of-the-art meth-
ods. In particular, the fast dual gradient method (FDGM)
of Giselsson (2014), the Accelerated Dual Gradient Projec-
tion Method (ADGPM) of Patrinos and Bemporad (2014),
the ADMM of Ghadimi et al. (2015), and the Accelerated
Dual Gradient Method (ADGM) of Kufoalor et al. (2014).
These results show the superior performance of the SOR-
like method in terms of computation times and compara-
ble performance to FDGM and the ADGPM in terms of
iteration count.

In Figure 1, we show the computation times for all the
algorithms for a range of prediction and control horizons.
For all of the variants of the SOR-like method, we fix α and
ω to be unity. In Figure 2, we show the effect of varying
α and ω for a fixed horizon setting (N = Nu = 3). This
figure confirms the sensitivity of the SOr-like algorithms
to the step-lengths α and ω as discussed in section 3.3.

6. CONCLUSION

We have demonstrated the effectiveness of an SOR-like
method for the fast computation of model predictive con-
trol for embedded control applications. Simulation results
showed that the method offers comparable performance
and can at some instances out-perform several state-
of-the-art methods. Future works include establishing a
procedure for optimal parameter selection, embedding
the SOR-like method on an embedded hardware such
as programmable logic controllers (PLC) and Field Pro-
grammable Gate Arrays (FPGA), and deploying an inte-
grated controller on a real-life control rig.
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